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Unimodality-Constrained Matrix Factorization for
Non-Parametric Source LLocalization

Junting Chen

Abstract—In this paper, the problem of simultaneous localization
of multiple sources given a number of energy samples at different
locations is examined. The strategies do not require knowledge of
the signal propagation models, nor do they exploit the spatial sig-
natures of the source. A non-parametric source localization frame-
work based on a matrix observation model is developed. It is shown
that the source location can be estimated by localizing the peaks of
a pair of location signature vectors extracted from the incomplete
energy observation matrix. A robust peak localization algorithm
is developed and shown to decrease the source localization mean
squared error (MSE) faster than O(1/M?*-%) with M samples,
when there is no measurement noise. To extract the source signature
vectors from a matrix with mixed energy from multiple sources, a
unimodality-constrained matrix factorization (UMF) problem is
formulated, and two rotation techniques are developed to solve the
UMF efficiently. Our numerical experiments demonstrate that the
proposed scheme achieves similar performance as the kernel re-
gression baseline using only 1/5 energy measurement samples in
detecting a single source, and the performance gain is more signif-
icant in the cases of detecting multiple sources.

Index Terms—Source localization, unimodal, sparse signal pro-
cessing, matrix completion, non-parametric estimation.

1. INTRODUCTION

OURCE localization is important in many domains, such
S as salvage, exploration, tactical surveillance, and hazard
finding. However, in many application scenarios, it is difficult
to obtain the correct propagation parameters of the source sig-
nal for localization. For example, in underwater localization
with acoustic signals, the signal propagation depends on the
water temperature, pressure, and salinity, which are location-
dependent. In gas source localization, the gas diffusion char-
acteristics depends on the chemical type and the atmospheric
conditions. Therefore, model-based parametric localization
methods [1]-[4] may not be reliable in application scenarios
with a temporal and spatial varying nature.
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Fig. 1. Left: Energy measurements at different locations (colored-squares) to
localize two sources (red stars). Right: The underlying energy field appears as
one peak when the two sources are close to each other.

Model-free positioning schemes, such as connectivity based
localizations and weighted centroid localizations (WCL), have
attracted a lot of interest due to their simplicity in implementa-
tion and the robustness to variations of propagation properties
[5]-[9]. However, connectivity based techniques [5], [6] can
only provide coarse localization results and the performance
of WCL [7] highly depends on the choice of parameters and
the propagation environments. Recently, machine learning tech-
niques, such as kernel regression and support vector machines
[10], [11] have also been explored for localization. However,
these methods usually require a separate training phase which
may not be available in practice. Furthermore, blind deconvo-
lution methods for source separation and localization [12]-[17]
usually require a sequence of measurements that convey tempo-
ral or spatial characteristics, which is not the case in our problem.

This paper studies non-parametric methods for localizing
several sources based on a few energy measurements at dif-
ferent sensing locations as illustrated in Fig. 1. Our previous
works studied the single source case in [8], [18], where a trust
region was developed for targeting the source and a multi-
step exploration-exploitation strategy was developed for active
search using an underwater robot. The results were extended to
the cases of two or more sources by exploiting novel coordinate
system rotation techniques [9], [19]. However, these works were
based on a decomposable assumption on the energy propagation
field in 2D.

In this paper, we find that the decomposable assumption is
not necessary. Specifically, we show that the source location in
2D can be found by localizing the peaks of the left and right
dominant singular vectors of the energy matrix sampled on a
discretized area. Such a result holds universally as long as the
received signal energy is a decreasing function of the distance
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from the source. With such a theoretical guarantee, we first de-
velop strategies to localize a single source. The method extracts
a pair of signature vectors from a sparsely sampled observation
matrix, and then, estimates the source location by robust peak
localization from the signature vectors. The corresponding lo-
calization mean squared error (MSE) is also analyzed. We then
move to the case of localizing two sources with equal power.
The singular value decomposition (SVD) framework in our pre-
liminary work [18] does not work herein, because the singular
vectors are not the desired signature vectors of each source. We
address this issue by optimally rotating the coordinate system
such that the sources are aligned with the rows or columns of
the observation matrix, and as a result, the SVD-based method
can be applied. Finally, we consider the general multi-source
case by formulating a UMF problem and solve it with projected
gradient algorithms. While a formal theoretical justification that
connects the multi-source localization with the UMF is yet to
be explored, our experiments demonstrate the robustness of the
proposed UMF-based methods.

To summarize, the following contributions are made herein:

® We propose a matrix observation model for the energy field
of asingle source, and prove that the left and right dominant
singular vectors are unimodal with their peaks representing
the source location.

® We develop non-parametric localization algorithms based
on sparse matrix processing. In the single source case, we
derive a localization MSE bound and show that the MSE
decreases faster than O(1/M?*-5) when there is no sampling
noise.

e Fora general multi-source case, we formulate a UMF prob-
lem and develop a projected gradient algorithm to extract
the signature vectors for localizing each of the sources. Our
numerical experiments demonstrate the robustness of the
these methods in uncertain environments.

The rest of the paper is organized as follows. Section II
establishes the matrix observation model. Section III develops
a non-parametric localization estimator by establishing the uni-
modal and symmetry property of the source signature vectors.
Section IV extracts the signature vectors for the single source
scenario and analyzes the MSE localization performance.
Section V and VI develop coordinate system rotation tech-
niques to help extract the signature vectors in the two source
and arbitrary number of sources cases. Numerical results are
presented in Section VII and conclusion is given in Section VIIIL.

Notation: Vectors are written as bold italic letters « and ma-
trices as bold capital italic letters X . Random variables, random
vectors, and random matrices are written as X, bold letters X,
and bold capital letters X, respectively. For a matrix X, Xj;
denotes the entry in the ith row and jth column of X. For a
vector x, x; denotes the ith entry of . The notation o(z) means
lim, 0 o(x)/xz — 0, and O(z) means limsup,_,, O(x)/z <
00.

II. SYSTEM MODEL

Assume that there are K incoherent sources in an area with
radius L/4. The location of source k is denoted by s; € R2.
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The sources continuously emit signals that form an aggregated
energy field, which can be measured at M different sensing
locations in the target area A with radius L/2. Let d(z,s) =
|z — s||2 be the distance between the sensing location at z € R?
and a source location s. The energy measurement h(™) at the
mth sensing location z("™) is given by

K
ho™ =" aph(d(z™), s5)) +n™ (1)
k=1

where «y, is the transmit power of source k and n(™) is the ad-
ditive noise of the mth measurement. The measurement noise
n(™) is modeled as a zero mean random variable with variance
o2 and bounded support [n(™)| < &,,. The function h(d) is a
non-negative strictly decreasing function of the distance d from
the source. In addition, we assume that i (d) is Lipschitz contin-
uous, square-integrable, and concentrated in the bounded area
A ie., [ h(d(z,8))*dz = [, h(d(z,s))*dz = 1. Note that,
inreality, the effective energy response h(d) measured by practi-
cal devices always has a bounded support. However, neither the
source power «y, the function h(d), nor the noise distribution
are known.

We propose to use a matrix observation model for non-
parametric source localization. Specifically, we discretize the
L x L target area, A, into N x N grid points, equally spaced
with minimum distance %, N > +/M.LetHbethe N x N ob-
servation matrix that contains the M energy measurements, i.e.,
the (¢, j)th entry of H is given by

b L

i Nh(m)

@)

if the mth energy measurement is taken inside the (4, j)th grid
cell. Note that H may contain missing values and the measure-
ment locations z("™) may not be at the center of the grid cell.
Our objective herein is to localize the sources by analyzing the
incomplete matrix H.

III. LOCALIZATION BASED ON UNIMODALITY

In this section, we first show that the dominant singular vec-
tors of the energy matrix sampled in a discretized single source
energy field are unimodal and symmetric. Then, using these
properties, a localization algorithm is developed. Finally, a ma-
trix factorization problem is formulated to extract the signature
vectors in the case of multiple sources and incomplete matrix
observations.

A. The Unimodal Property

Let H®*) € RV*N be the matrix that captures the energy
contributed by source k£ sampled at discretized locations {c; ; },
i.e., the (i, j)th element of H*) is given by

L
k
HiY = Sowh(d(es 50)) ®
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in which, ¢; ; € R? s the center location of the (4, j)th grid cell.
The factor % is for normalization purposes:

3 L 2
0l = et 3 () e 0
]

L2

= af [z iz +o(3z) @

which equals to o up to a marginal discretization error. In the
signal model (3) and (4), the physical meaning of h(d(z,y))
is the power density of the source signal measured at location
(z,y) and the entry Hl-(j]-c) approximates the energy of the kth
source signal in the (7, 7)th grid cell.

Consider the SVD of H) = > ak,iumvz’i, where oy, ;
denote the ith largest singular value of H (*). Then, we have the
following model for the K source energy field.

Definition 1 (Signature vector and signature matrix): The
signature matrix for all K sources is defined as

K K K N
A k T T
H = E H( ) — E Ok, 1 Uk, 1V} + E E Ok, iWk,i UV}, ;-
k=1 k=1 k=1 1=2
%)

In addition, the vectors uy = uy,1 and vy, £ Vy,1, are defined
as the signature vectors of source k.

Note that u; and vy, are not singular vectors of H, but they
are the dominant singular vectors of H (k), which captures the
energy contribution from the kth source.

Accordingly, the observation matrix H in (2) is a noisy and
incomplete sampled version of the signature matrix H .

We show that the signature vectors uy and vy, are unimodal.

Definition 2 (Unimodal): A vector v € RY is unimodal if
the following is satisfied:

0<v Svp<--- <y (6)
Vg > Veq1 = - > 0N >0 (N

for some integer 1 < s < N, where v; is the ¢th entry of v.

Note that there could be multiple entries vy = vy = -+ =
Vs that are the largest. In other words, the vector has a flat
peak. This will not affect the algorithm design, nor the analytical
results in this paper.

Theorem 1 (Unimodal Signature Vector): The signature vec
tors u; and vy, are unimodal. In addition, suppose that source
k is located inside the (m, n)th grid cell. Then the peaks of wy,
and v, are located at the mth entry of u; and the nth entry of
Vg, respectively.

Proof: See Appendix A. (]

Note that such a property holds for general propagation func-
tions h(d).

B. The Symmetry Property

It can be further shown that the signature vectors uj, and vy
are symmetric.

Let ukN and ka denote the signature vectors under the N x N
grid topology. Consider a Cartesian coordinate system C and de-
note ¢; ; = (¢ij1,¢ij2) € R? as the coordinates of the (i, j)th
grid point, where every row of grid points {¢; 1,¢; 2, ..., ¢ N}
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has the same set of z-coordinates cx = [cx,1,¢x,2,- - -, CX, N,
and every column of grids {c1 j,¢2j,...,cn,;} has the same
set of y-coordinates cy = [cy,1,¢y 2, ..., ¢y n]. Letad) (y) and
oY () be linearly interpolated functions from vectors u}' and
vy, respectively. Specifically, af (cy,;) =/N/Zu},, the ith en-
try of wj, and ), (cx ;) =+/N/LvY,, the jth entry of vy . The
off-grid values of %)Y (y) and v} (x) are obtained through linear
interpolation. Then, we can show the following property.

Proposition 1 (Symmetry Property): Suppose that there ex-
ist squared-integrable functions wy, 1 (y) and wy, 2(x), such that
ud (y) and 92 (z) uniformly converge to wy 1 (y) and wy. 2(),
respectively, as N — oo. Then, wy, 1 (y) and wy, 2 (x) can be ex-
pressed as wy, 1(y) = w(y — Sk,2) and wy, 2(x) = wW(Y — Sk.1),
where w(x) is a symmetric, unimodal, non-negative function
with w(—z) = w(z), and [~ w(z)?dz = 1.

Proof: See Appendix B. U

Proposition 1 suggests a method to find the peaks of the sig-
nature vectors u; and vy using the symmetry property.

C. A Location Estimator

We first establish a general property of a unimodal symmetric
function w(x).

Lemma 1 (Monotone property): Suppose that the non-
negative function w(z) is unimodal and symmetric about
x = 0. Then, the autocorrelation function

o0

T(t) = / w(z)w(x — t)dx (8)
—00

is non-negative and symmetric about ¢ = 0. In addition, 7(t) is

strictly decreasing in ¢ > 0.

Proof: The result can be easily derived using the unimodal
and symmetry property of w(z). The details are omitted here
due to page limit. g

From Lemma 1, 7(¢) is maximized as ¢t = 0. As a result, the
non-negative, unimodal, and symmetric function w(y — s1.1)
from Proposition 1 has the following autocorrelation function

/ ‘w(y—sl,l)w(—y—kt—sl,l)dy 9)
= / w(y —s11)w(y —t+ s1,1)dy (10)
= /OO w(z)w(z + 2s1,1 — t)dz
ZT(t—QsLl) (11)

which is maximized att = 2 s 1, where the first equality (10) is
due to symmetry w(y) = w(—y), and the second equality (11)
is from the change of variable z = y — s 1.

Given a vector v € R™ and the corresponding N-point coor-
dinates ex = [cx,1,¢x,2, - - -, ¢x,n], let O(z) be an interpolation
function such that o(z) =y/N/Lv; forz = ¢x;, 1 < i < N, and
v(x) is equivalent to a linear interpolation at off-grid locations.
Define the reflected correlation function as

R(t;v,cx) = /

—00

o]

(x)v(—x + t)d. (12)
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Then, an estimate of the point of symmetry for v in a continuous
interval can be obtained as

. 1
S(v) = —argmax R(;V, ¢x).
teR

13)

Note that, the estimator (13) aggregates the contributions from
all measurements, including those far away from the source.

As a result, if one can obtain estimates U, and Vj of the
signature vectors uy, and vy from the observation matrix H,
the estimate of the kth the source location can be computed
as §, = (8(V), $(Ug)) according to the symmetry property in
Proposition 1.

D. Problem Formulation for Extracting Signature Vectors

There are two remaining issues: First, one needs to extract K
pairs of signature vectors from the incomplete noisy observation
matrix H. Second, one needs to find the best coordinate system
C for grid points cx X cy that define the observation matrix
H = H(0), since H(0) is variant according to the rotation 6 of
the coordinate system.

We answer these two questions by proposing a UMF problem
specified as follows.

Denote by U the cone specified by the unimodal con-
straints (6)—(7) for a fixed 5. Denote UN = | J_, U as the non-
negative unimodal cone, and U~ X as the set of N x K real
matrices where all the columns are in YV . Let U,V € RV*K
be the matrices that each contains K pairs of signature vectors
{ug, vy} to be determined. Let W € RV*Y be an indicator
matrix that describes the sampling strategy, where W;; = 1, if
(i,4) € Q, and W;; = 0, otherwise, where € denotes the set of
entries that are assigned values based on (2), |2 = M.

The source signature vectors can be extracted as the solution
to the following problem:

21 migimize|[W © (H-UV") 15 (14)

subject to U € UN*E v e yN*& (15)

where ©® denotes the Hadamard product, i.e., W ® Hisan N x
N matrix computed entry-by-entry with [W ® H]ij = WiiH;.

In the remaining part of this paper, we will discuss the cases
of single source, two sources, and arbitrary number of sources,
and the corresponding methods to solve #?1 or relaxed versions
of it.

IV. SPECIAL CASE I: SINGLE SOURCE

In the single source case, we first show that a relaxation of &1
can be easily solved by a matrix completion problem followed
by SVD. We then analyze the squared error bound of the source
localization.

A. Solution via Nuclear Norm Minimization

Dropping the unimodal constraints (15) and applying a convex
relaxation on the objective function, &1 can be relaxed to a
classical rank- K matrix completion problem via nuclear norm
minimization. It has been shown in the sparse signal processing
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literature that, under some mild regularization conditions on the
low rank matrix H, the matrix H can be recovered, with a high
probability, from the sparse and noisy observation W & H [20],
[21]. Specifically, the noisy recovery of H can be obtained as a
solution, X, to the following convex optimization problem [18],
[21]:

P2 min‘i)gnizeHXH*

subject to Z |X1-j — Hij|2 < 2

(4,)€Q

16)

where || X||. denotes the nuclear norm of X (i.e., the sum of the
singular values of X'), and €2 is a small parameter (depending on
the observation noise [21]) for the tolerance of the observation
noise in H. R

Note that under exact recovery X = H, the signature vectors
are exactly the dominant singular vectors of X, and the unimodal
constraints (15) are then automatically satisfied. As a result, an
efficient approximate solution to &1 can be obtained from the
dominant singular vectors U; and V; of X as the solution to Z22.

B. Squared Error Bound

Let e = v — v be the error vector, where the super-
script N explicitly indicates that the analysis is performed un-
der an N x N grid topology. Let #}¥(x) be the linear inter-
polation function of \Aliv attached with coordinates cf’. De-
fine e () = o (z) — w1 (z) where wy(z) £ w(xr — s1,1) is
the limiting function defined in Proposition 1. Define E (s) £
[ &Y (z)el (— + s)dx. Suppose that the following regular-
ity conditions are satisfied

]ff’; wy (z)e) (—x + s)dx’

Ce
limsu < —<oo (17)
N—>oop |(,leV)Te{V| 2
EN
lim () _ (18)

Nooo [(0)Tel|

with probability 1, for any f% <s< % and any rotation of the
coordinate system C.

Remark 1 (Interpretation of (17)—(18)): The value C. de-
pends on the distributions of the sample locations and sample
noise, as well as the energy field function h(d). An intuitive ex-
planation of the boundedness of C, and the diminishing value
of EN(s)/|(v)Tel| as N — oo is that the observation noise
is uncorrelated and identically distributed if sampled at the op-
posite locations symmetric about the source. For example, in
our numerical experiment using uniformly random sampling
corrupted by Gaussian noise in an underwater acoustic envi-
ronment (see Section VII for the empirical propagation model),
properties (17)—(18) are observed.

In addition, let £ = (0¥, — 0},)/1 be the normalized
singular value gap from the model (5) for the single source
k =1, and suppose that the gap is non-diminishing, i.e., kK £
liminfy_ o &~ > 0. Furthermore, suppose that for the auto-
correlation function 7(t), the first and the second-order deriva-
tives, 7/(¢) and 7" (t), exist and are continuous at ¢ = 0. Then,

Authorized licensed use limited to: The Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on February 28,2021 at 14:23:16 UTC from IEEE Xplore. Restrictions apply.



CHEN AND MITRA: UNIMODALITY-CONSTRAINED MATRIX FACTORIZATION FOR NON-PARAMETRIC SOURCE LOCALIZATION

for a small v > 0, there exists a,, > 0, such that 7(¢) < 7(0) +
7/(0)t 4+ £(77(0) + v)t? for all t € [0,a,]. We have the fol-
lowing theorems to characterize the asymptotic behavior of the
squared estimation error ||$1 — s1]|3.

1) Conservative Construction: Choose N = /M and sup-
pose that all the entries of H are observed. As a result, the signa-
ture vectors U; and V; can be directly extracted as the dominant
left and right singular vectors of H.

Theorem 2 (Squared Error Bound under the Conservative
Construction): Under the condition of Proposition 1, for
asymptotically large M,

; L* L? &2
181 — 81])3 < C1—= + Cy——=—2 (19)
M1.5 /M OZ%
with probability atleast 1 — 2¢ %N where C, = %,

Cy = %, K}, is the Lipschitz parameter of h(d), and
Cy and C'3 are constants.
Proof: See Appendix C. (]

Remark 2: The constants C; and C show that the energy
decay rate of h(d) versus d may play a complicated role in the
localization performance. A large decay rate, corresponding to
a large Lipschitz parameter K}, may harm the performance,
because it leads to high discretization error. On the other hand, a
small decay rate for h(d) may resultin performance less tolerant
to noise, because the autocorrelation function 7(t) is less sharp.
The key message of Theorem 2 is to establish the worst case
performance scaling law, which will be discussed later.

2) Aggressive Construction: Choose the number of sensors
M and the matrix dimension NV, such that M is the smallest
integer that satisfies M > C'N(log N)?2. The signature vectors
U, and V, are extracted from X, the solution to #22.

Theorem 3 (Squared Error Bound under the Aggressive
Construction): Suppose that the sampling error of H is bounded
as Z(i,j) |H1;j — Hyj |2 < €2, where € is the parameter used in
2. Then, under the condition of Proposition 1, there exists
some 0 < a < %, such that for asymptotically large M and
high enough signal-to-noise ratio (SNR) a1 /52,

L4 L3 =2

~ 2 &n 20n
11~ 81l < Capims + Cagprmg oo + GoL205 - C0)
CBCEK,QL

with probability 1 — O(N~F), where C3 = —5=rais.

Cy = %, Cs = %, and C) and 3 are con-
stants.
Proof: See Appendix C. (]

3) Discussions: We draw the following observations.

Performance Scaling Law: Theorems 2 and 3 reveal the error
exponent as the number of sensors increases. As a performance
benchmark, for a naive non-parametric peak localization scheme
that estimates the source location directly from the position of
the measurement sample that achieves the highest energy, the
localization squared error decreases as O(1/M), whereas, the
squared error of the proposed schemes decreases faster than
O(1/M*%) in high SNR «;/52 > 1, order-wise faster than
the naive scheme, as will be demonstrated by our numerical
results in Section VII.
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Sparsity and Noise Suppression Tradeoff: While the ag-
gressive construction strategy achieves higher error decay rate
in terms of the number of samples M under high SNR £
a1/52 > 1, the aggressive construction scheme is less tolerant
to measurement noise as observed from the last terms in (19)
and (20). Specifically, in low SNR, the squared error bound of
the aggressive construction strategy scales as O(STlFx)’ whereas,
it scales as O( m) for the conservative construction strategy.

Impact from the Propagation Law: The parameter 0 < x < 1,
as appear in the coefficients of the bound, captures how precisely
the outer product uy v}, of the signature vectors may approxi-
mate the energy field matrix H(*) for a single source. In the
special case when h(d) is fully decomposable, i.e., h(d(z,y)) =
hy(x)ha(y), we have k = 1 leading to a small error bound.! For
most practical propagation models we have tested (e.g., propa-
gations of radio signals over the air, acoustic signals in the water,
etc.), kis close to 1.

V. SPECIAL CASE II: TWO SOURCES

In the case of two sources, the SVD may not extract the desired
signature vectors from H in (5), because the signature vectors
w; and uy from different sources are not necessarily orthogonal.
However, it turns out that by choosing an appropriate coordinate
system C, the corresponding UMF problem £?1 can be easily
solved (under some mild conditions). In this section, we pro-
pose rotation techniques to select the best coordinate system for
extracting the source signature vectors.

A. Optimal Rotation of the Coordinate System

Suppose that we fix the origin at the center of the target area
and rotate the coordinate system such that the two sources are
aligned, without loss of generality (w.l.0.g.), on the y axis. Then,
the source locations satisfy s1 1 = s3 1, and the signature vec-
tors follow v; = v4. This approximately yields a rank-1 model
H=HY 4+ H® ~ (ciuy + apuz)v] by ignoring the mi-
nor components in (5).

As a result, an algorithm can be designed as follows. First,
extract the vectors &1 U; + Goly and V; by solving the matrix
completion problem £72 followed by the SVD as developed in
Section IV. Second, obtain U; and U, from the composite vector
« 1 ﬂ 1+ 5[2 02 .

The remaining challenge is to find optimal rotated coordinate
system for source alignment from the M measurement samples.
Note that the source topology is not known.

Denote H(#) as the observation matrix constructed in coordi-
nate system Cy with 6 degrees of rotation to reference coordinate
system C. The desired rotation 6 can be obtained as

a3 (H(0))
S a0 (H(0))

where o, (H) is defined as the kth largest singular value of X(H),
the solution to the matrix completion problem &2 based on H.

(1>

A3 imi 0
it )

2n

'The only example for this special case is the Gaussian function, i.e.,
h(d(a},y)) = ae*b(ac2+y2) — ae*b&ﬂQefbyz.
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Note that p(f) < 1 for all 6 € [0, Z]. In addition, p(6*) =
1, when H(0) becomes a rank-1 matrix where the sources are
aligned with one of the axes, which gives an intuitive justification
for 3.

However, an exhaustive search for the solution #* is compu-
tationally expensive, since it requires performing SVD on H(6)
for each 6. Yet, it can be shown that p(#) has a nice locally
unimodal property that enables an efficient solution.

Let H () be the signature matrix defined in (5) under the
coordinate system Cy.

Theorem 4 (Property of p(0)): Assume that the two sources
have equal transmission power oy = . In addition, suppose
that H () is at most rank-2 and can be perfectly recovered from
H(0), i.e., X(H(0)) = H (6). Consider that N is large enough.
Then, p(0) is periodic, i.e., p(6) = p(6 + T ). In addition, p(0)
is strictly increasing over (6% — 7,0%) and strictly decreasing
over (0", 0% 4 %), if the energy field satisfies

s-T'(t) > t-7'(s) (22)

forall 0 < s < t, where 7/(t) £ £ 7(t) and 6" is the maximizer
of p(6).
Proof: See Appendix D. U

The result in Theorem 4 confirms that the function p(6) has

a unique local maximum within a Z-window under a mild con-

dition, in the ideal case of perfect recovery X(H(6)) = H (6).
The property motivates a simple bisection search algorithm to
efficiently search for the globally optimal solution, 6*, to &3.
Note that condition (22) can be satisfied by a variety of energy
fields. For example, for Laplacian field h(x,y) = ve 11#l=7Ivl,
we have the autocorrelation function 7(¢) = (1 + yt)e 7", and
its derivative 7/(t) = —y?te™7*; for Gaussian field h(d) =
V/2v/me 9%, where d?> = 2% + 32, we have 7(t) = e~ /2 and
7/(t) = —yte~7"°/2_In both cases, condition (22) is satisfied.

B. Source Separation

W.Lo.g., suppose that the signature matrix has a decomposi-
tion form H ~ (a1u; + aous)v] after the optimal coordinate
system rotation from solving £23. In addition, assume the equal
power case oy = . Then, using a technique similar to that in
Section IV, we can estimate the z coordinates from

. R 1 N
$1,1 = 82,1 = sargmax R(t; \4 Cx). (23)
teR
In addition, the y coordinates can be estimated as S 2,822 =
C + r, where

.1 . . L
C = —argmax R(t;Uq, cy),r = argmax Q(r; Uy, Vy)
teR r>0

(24)

and

A 1 [ R R
Q(r;uy,vy) = 5/ a(x) (@(x —C—r)+d(xz—-Cc+ r))dx
in which, @(x) is a linear interpolation of Uy (similar to v(z) in
(12)) and 9(z) is from linearly interpolating V;. Using calcula-
tions similar to (9)—(11), it can be shown that Q (r; w1 + w2, v1)
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is maximized at r* = (s1,2 — $2,2)/2 if the interpolation is per-
fect,ie., i(x) = w(r — s1,2) + w(x — s22) and v(z — s1,1) =
w(r — $11)-

As a remark, a simple peak finding solution may not work
as well as the estimator from (23)—(24) because, first, peak
finding mostly depends on the measurement around the cen-
troid € and the information from other measurements may not
be fully exploited, and second, when two sources are close to
each other, their aggregate energy field will appear as one peak,
which does not correspond to the desired source location. On the
other hand, the proposed procedure (23)—(24) can resolve these
issues.

VI. GENERAL CASE: ARBITRARY NUMBER OF SOURCES

In the case of an arbitrary number of sources, we first study a
general algorithm framework to solve &1. We then discuss ef-
ficient approximations for fast implementation of the algorithm.
Finally, an optimization of the coordinate system Cp is studied
to enhance the convergence of the algorithm.

A. The Gradient Projection
Let f(U,V)=|Wo H-UVT) ||i_, With some algebra

and matrix calculus, it can be shown that the gradients of f are

0 T
5 = AW OHV 1 2(W o UVT)V

0
v = —2WToHHU +2WT e (VU U
and the iteration of the projected gradient algorithm can be com-
puted as

Ut +1) = Pu{U) — nmas (0, V@) @9

0
Vit+ 1) =Pu{ V() - vz f U+ 1, V() ] @6)
where Py {-} is a projection operator to project any N x K
matrix onto the unimodal cone /™Y *¥, and the step size j; and
v, are chosen to ensure the decrease of the objective function f
(for example, via a backtracking line search [22], [23]).

B. Fast Unimodal Projection

The projection P, { X } onto the unimodal cone is formally
defined as the solution that minimizes || X — Y||p over Y €
UN*K Due to the property of the Frobenius norm, the projection
can be computed column-by-column.

While it is not straight-forward to efficiently project onto the
convex set U, SN (specified by constraints (6)—(7)) as it may seem
to be, it is relatively easier to compute the projection onto an
isotonic cone, where an isotonic sequence is defined as a non-
increasing (or non-decreasing) sequence. Recently, a fast algo-
rithm for exact isotonic projection was developed in [24], which
finds the solution within N — 1 steps. With such a tool, a fast
approximate algorithm to compute P, { X } can be described as
follows.
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Fast unimodal projection:

1) For each odd index s, compute the isotonic projec-
tion for xj, the kth column of X, to form an as-
cending branch y1,¥s,...,ys and a descending branch
Ys+1, Ys+2, - - - » YN, respectively, using the exact isotonic
projection algorithm in [24].

2) Construct y*) := (y1,va. .-, Ys, Ysi1,---,Yn), and re-
peat from Step 1) to compute a series of projections y(*)
fors =1,3,5,....

3) Choose the solution y(**) that minimizes |y(®) — x|
overs =1,3,5,....

Since Step 1) has complexity at most N, the overall complex-

ity is at most N2.

Note that minimizing ||z — y||3 subject to the unimodal con-
straint y € UN = (JN_, UY is equivalent to solving a series of
minimization problems, each under constraint y € YN U Uﬁl
for s =1,3,5,.... In addition, each subproblem is equiv-
alent to minimizing |1.s — ¥'||3 + ||[Zs+1.8 — Y"[|3 subject
to0<y; <y, <---<yiandy] >yy > >yy_,, where
La:p = (ma, Tot1y--- ,xb) represents a vector that is extracted
from the ath entry to the bth entry of «. Therefore, the above
unimodal projection is exact.

C. Local Convergence Analysis

We frame the analysis according to the following two obser-
vations. First, when there is no sampling noise, the unimodal
constraint (U, V') € UN*E x YN*K is not active at the glob-
ally optimal point X = (ﬂ, \7) Then, we can remove the pro-
jection in (25) and (26) and analyzeAthe local behavior of an
unconstrained algorithm approaches X. The goal is to discover
any factor that possibly harms the convergence and determines
methods that will improve the performance.

Second, note that the function is bi-convex. Therefore, we
can study partial convergence, where the convergence of the
variable U is analyzed while fixing the other variable V' to be in
the neighborhood of V. As a result, the unconstrained algorithm
trajectory for U will converge to a unique solution. Analyzing
the asymptotic convergence rate of U may help us understand
the factors that affect algorithm convergence.

Denote g(X) = [(9f/0U)" (0f/0V)T]" as the gradient
function of f(X), where X = (U, V). Suppose X (0) is suffi-
ciently close to X, such that the unimodal constraints are not ac-
tive. As a continuous counter-part to the discrete iteration (25)—
(26), the continuous algorithm trajectory X (¢) can be given as

d

SX (1) = —g(X (1))

Let £(Xc(t)) = ||Xc(t)]|% be the normed error function

for the convergence error X, (t) £ X (t) — X. LetU, = U — U
and V, = V — V with the time index ¢ dropped for notational
brevity. The following result suggests that if either U, or V. is
much smaller than the other variable, then the algorithm trajec-
tory X (t) converges exponentially to X.

Proposition 2 (Partial convergence): Assume perfect sam-
pling H = H and H in (5) has rank K. Suppose that the algo-
rithm initialization X (0) is in the neighborhood of the optimal

27)

2377
solution X to 21. Then the following holds
d T
SEX) £ -2 (VU +o(IULfF)  @8)

for |Ve|r = o(||Uc|| ), where Ax(A) denotes the smallest
eigenvalue of A. Moreover,

d LT
ZEX) < -2k WOV E+o(IVelF) @9
for U = o(|IVel|r)-
Proof: See Appendix E. (|

Proposition 2 shows that the rate of convergence depends on

the eigenvalues of VTV and UTO, where V and U carry the
location signatures of the source. Specifically, if the sources are
aligned with either the x axis or the y axis, then either U or V
tends to have identical columns, which leads to rank deficiency

of matrices ﬂTﬂ or VTV, corresponding to small eigenvalues
Ax and hence slow convergence. This result suggests gradient
type algorithms work better when sources are well-separated on
both axes.

D. Rotation for Convergence Improvement

According to Proposition 2, we may need to establish a coor-
dinate system such that the sources are well separated on both
axes. However, the challenge is that we have no prior knowledge
of the source locations.

Recall that H(6) denotes the observation matrix constructed
in coordinate system Cy with 6 degrees of rotation with respect
to the reference coordinate system C. Similar to 23, the desired
rotation 6 can be obtained as

. A a2(H(0))
P4 : minimizep(0) = —————
A0 =S orH@)

0€[0,%5]

where o, (H) is defined as the kth largest singular value of X(H),
the solution to the matrix completion problem &2 based on H.

While problem 73 is to align the sources with one of the
axes, problem 4 tries to avoid alignments with any axes.

Fig. 2 demonstrates the performance of the UMF with op-
timal coordinate system rotation under noise-free sampling
02 =0, where L = 1 and the energy field is given by h(d) =
\/27/mexp(—yda?) with A = 20. The observation matrices con-
structed with dimension N satisfy N2/2 ~ M. There are two
key observations: (i) the coordination system rotation does im-
prove the convergence as demonstrated by the comparison be-
tween scheme “Rotated UMF”, which solves £1 in the optimal
coordinate system Cy+ with 6* solved from £74, and scheme
“Simple UMF”, which solves £?1 in a fixed coordinate system
C. (ii) UMF performs better in the recovery of sparse unimodal
structures as compared to conventional sparse matrix comple-
tion methods, scheme “Complete UMF”, which first solves the
matrix completion problem £72 in the optimal coordinate sys-
tem Cp+, and then solves £?1 for signature vector extraction.
As the UMF is aware of the unimodal structure, the proposed
“Rotated UMF” outperforms the “Complete UMF” scheme.?

(30)

2However, we also note that in the case of low SNR, i.e., cr% > 1, P2 can

serve as an efficient de-noising step to help faster convergence of UMFE.
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Fig. 2. Localization performance under noise-free sampling in a two source

Gaussian energy field.

VII. NUMERICAL RESULTS

We consider the source and sensor deployment model in
Section II with L = 5 km in an underwater environment. The
sources simultaneously transmit signals at f =5 kHz. The
propagation of the signal from each source is modeled us-
ing N, = 15 discrete paths, where the path inter-arrival times
Tp+1 — Tp are exponentially distributed with mean 100 ms,
and the path amplitudes are Rayleigh distributed with power
scaled as e #(»~7) with respect to the first path, ¢ =
2 sec™! [25], [26]. The path energy attenuation is modeled
as (1+d"5A(f)4)~!, where Thorp’s formula [26] is used
toarriveat 10log, A(f) = 0.11f2/(1 + f?) + 442 /(4100 +
f?) 4+ 2.75 x 10~* f2 4 0.003 dB/km. The ambient noise n(")
is modeled as a zero mean, Gaussian random variable with
normalized variance 0721 /P = —34 dB, where P = 1 is the to-
tal transmission power. The sensor has a receive window of
4 seconds from the detection of the first path. The parameter
N for constructing the observation matrix H is chosen as the
largest integer satisfying 1.5N (log N)? < M.

The proposed algorithms for the single source case ((13) in
Section 1V), two source ((23)—(24) in Section V), and an arbi-
trary number of sources (Section VI) is evaluated. Specifically,
the projected gradient algorithm in (25)—(26) are initialized with
random vectors (entries independently and uniformly distributed
in [0,1]) projected on the unimodal cone. The algorithm was run
5 times, each with independent initializations and a maximum of
200 iterations. The solution (out of the 5) that yields the smallest
objective function value was selected.

Three baseline schemes are evaluated. Baseline 1, Naive
scheme for single source: the location of the sensor that observes
the highest energy is identified as the source location. Baseline
2, Weighted centroid localization [7]: the location estimate is
updated by

Zme'R(é(n)) Q(m)z(m)
(m)

S(n+1)=
ZmER(é(n)) 1%
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t —&— Naive scheme
WCL, M, = M/4
WCL, M, = M/2

—A— Proposed

=B~ Kernel method

— — Decay rate

Root MSE [km]
=

Error decays roughly at O(1/M*-86)

102
10 10 10°
Number of samples, M

Fig. 3.  MSE of the source location versus the number of sensors, M, in the
single source case.

until convergence, where o(™ = (h("™))2 are the squared-
weights and R(x) specifies a set of measurements that are
taken within a radius r from location x, in which, the ra-
dius r is at least L/8 or as large as to include exactly M, €
{M/4,M/2} measurements. Baseline 3, Kernel regression:
The algorithm chooses parameters {ay, 25} and A to minimize
Dom ’h(m) - Zszl B (2™, 21 \) |2 based on the measure-
ment {h(™) 2™} where two classes of kernel functions
are considered, Gaussian kernel Bg(z, Z;; \) = exp(—A||z —
2,||?) and Laplacian kernel By (z,2p;\) = exp(—A|z —
Zk|l1),in which, || - ||; denotes the L1 norm. Such a least-squares
problemis solved 5 times with randomized initializations. Cross-
validation is used to choose the best kernel function, and the data
setis partitioned to 70% for parameter training and 30% for MSE
performance validation. The parameters z;, give the location es-
timates. Note that Baselines 1 and 2 cannot differentiate multiple
sources when the two sources are close to each other. Therefore,
these two baselines are evaluated in the single source case only.

Fig. 3 shows the rooted mean squared error (RMSE) of the
source location versus the number of sensors, M, in the sin-
gle source case. The proposed scheme outperforms the naive
scheme and the weighted centroid scheme.? It also outperforms
the kernel method from moderate to large number of sensors.
The dashed line with slope —0.93 shows that the error decay
rate of the proposed algorithm in the M = 10 to 500 region
is roughly O(1/M*86). Note that Theorem 2 and 3 show that
the MSE of the proposed scheme should decrease faster than
O(1/M*), and hence is confirmed by our numerical results.
In the case of more than 500 sensors, the error decay rate is lim-
ited by the ambient noise. This phenomenon also matches with
the second and third terms of (20) in Theorem 3.

Fig. 4 shows the RMSE of the source locations versus the
number of sensors, M, in two to four source cases. The proposed

31t is observed from our numerical experiments that the weights o and the
window R in the weighted centroid scheme should depend on M and h(d).
However, choosing the best weights and window are highly non-trivial.
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Fig. 4. MSE of the source location versus the number of sensors, M, in two

to four source cases.

methods significantly outperform the kernel methods. Note that
the proposed schemes only require the generic property that the
source energy field /(d) is non-negative and strictly decreasing
in the distance d to the source. Although the kernel functions also
capture such property, the kernel methods suffer from parameter
estimation error when fitting the data to inaccurate parametric
models.

VIII. CONCLUSIONS

This paper developed non-parametric algorithms for local-
izing multiple sources based on a moderate number of energy
measurements from different locations. A matrix observation
model was proposed and it is proven that the dominant singu-
lar vectors of the matrix for a single source are unimodal and
symmetric. A non-parametric source localization algorithm ex-
ploiting the unimodal and symmetry property was developed and
shown to decrease the localization MSE faster than O(1/M ')
using M sensors in the single source case with noiseless mea-
surements. In the two source case, the source locations can be
found by choosing the optimal rotation of the coordinate system
such that the normalized dominant singular value of the sample
matrix is maximized. In the case of arbitrary number of sources,
we localize the sources by solving a UMF problem in an op-
timally rotated coordinate system. Our numerical experiments
demonstrate that the proposed scheme achieves similar perfor-
mance as the baselines using no more than 1/5 measurement
samples.

APPENDIX A
PROOF OF THEOREM 1

As the signature vectors u and vy, correspond to the dom-
inant singular vectors uy,,; and vy, of H®) we can focus on
only one source and drop the source index k here for brevity.
Specifically, from (5), we write H = auv’ + Zf\iz Aiwv)
(for the kth source, where £ = 1), in which « and w; are the
left singular vectors of H, v and v; are the right singular vec-
tors, and «v is the largest singular value, o« > \;,2 = 2,3,..., N.

2379

Let R = HTH. Then, the (i, j)th entry of R is given by
Ri; = hiThj, where h; is the ith column of H'. In the following
lemma, we show that the columns of R are unimodal.

Lemma 2: Suppose that the source is located at the (m, n)th
grid cell centered at c;, . Then, for each column of R, the
entries R;; are increasing, I2;; < R;41,1f ¢ < n, and they are
decreasing, I%;; > Ry j,if ¢ > n.

Proof: Since the source location s is inside the (m,n)th
grid cell centered at ¢, , we have d(c, i, s) > d(cpit1,8) >
d(epn,s), for i<n and all p=1,2,...,N. Similarly,
d(epi,8) < d(epiti,8), fori > nandall p. Recall that H,; =
h(d(c;,;,s))and h(d) is anon-negative decreasing function. We
thus have

Rij =h h;

Z HyiHy;

N

<Y HpinHy = hi b= Rijy,
p=1

for i <mn. Similarly, we can show that R;; = hiThj >
h;rJrlhj = RiJrLj, for i Z n. O
Under the condition of Lemma 2, if we raise R to the power
of g, the columns of R? are unimodal, with their peaks at the
nth entry. Specifically, define R(9 £ R?/tr{ R?}. We show, in
the following lemma, that the columns of R9 are unimodal.
Lemma 3: Let R(q) be the (i,j)th entry of R(?). Then,

R(q) < Rgi)l T if 7+ < n, and R(q) > Rz+)l if 7 > n.

Proof First, it can be easﬂy Verlﬁed that the result
holds for ¢ =1 according to Lemma 2. Then, suppose
that the result holds for some ¢ > 1. Note that Rt =
r{RW}ROR/w{RV} and that R is symmetric. We

have

(gt r{R7} (@)
R q tr{Rq-‘rl} Z Rp(i Rpj
_ w{R} S (a+1)
tr{Rq+1} Z RP iRy = R

for i < m. Similarly, we can show that RZ(»;HD > Rl(ﬂ’lj), for

i > n. Therefore, by deduction, the result holds for all ¢ > 1.0J

Let R™ £ limg o R/ tr{ R1 } . It can be shown that the limit
exists and equals R™ = vwT. To see this, we can easily compute
R? = o*9vu" + 32N, A2p,07 and the normalization term
twr{R?} = (a?* + >V, A?). By the Perron-Frobenius theo-
rem, the dominant eigenvalue of a non-negative matrix has multi-
plicity 1,i.e.,a = Ay > |)\;| foralli > 2. Hence, (\;/a)?? — 0
as g — oo, fori = 2,3,..., N, leading to R™ being rank-1.

On the other hand, from Lemma 3, each column of R™ is
unimodal. Note that the 7th column of R*> can be written as
v;v, where v; is the ith entry of v. We therefore confirm that v
is unimodal, with its nth entry being the peak.

Similarly, by constructing Q@ = H H, we can also show that
w is unimodal with its mth entry being the peak. ]
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Fig. 5. Construction of sub-blocks of H (k) for the proof of Proposition 1.

APPENDIX B
PROOF OF PROPOSITION 1

Consider uniformly shifting the discretization grid points
{ci ;} to such a position that the source location s is the
center of a rectangle formed by the four nearest grid points.
Specifically, the new grid points are given by ¢; ; = ¢; ; + 6,
where d = s, — ¢ — (%, %), m =sup{i:cx; < Sg1}
and n = sup{j : ¢y j < sk 2}. One can verify that sy is at the
center of the rectangle formed by the four nearest grid points

Cm,n’ Cm+1,n7 Cm,nJrl’ and Cm+1,n+1~

A. The Symmetry Property

Let H () be the virtual signature matrix defined on the shifted
grid points {¢; ;} using (3). As illustrated in Fig. 5, consider a
sub-block ﬁik) that contains the (m + 1 — Jy)thto (m + Jp)th
rows and the (n + 1 — Jy)th to (n + J3)th columns of ﬁ(k),
where J; = min{m, §'} and J5 = min{n, §'}. Further divide
the 2.J; x 2J5 sub-block H 5’“) into four J; x Js sub-blocks.

. . ~ . o (k
Since the locations ¢; ; that correspond to the entries of H 5 )

(k)

are symmetric about the source sy, one can verify that H 1 has
the following structure
rr(F) (k)
~ H 1I.(H
Hik) _ 11 (Hyy) 31

(k) (k)
L (H ) (T (H )
where the operators TI.(A) reverses the columns of A and
II,(A) reverses the rows of A.

Lemma 4: Let H'Y) = USVT be the SVD of "

. Then,

o (F)
1

= S [VTIL(V)"] (32)

IL(U)

where, on the right hand side, the left and the right matrices are
semi-orthogonal, respectively.
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Proof: First, one can verify that the left-bottom sub-block
of H in 31) satisfies IL(HY) = IL,(U)SV7, since the

(4, j)th entry is given by

2]

(k) 7 (k)
[Hr(Hu )} 4:{H11]} -
1+1-1,7

min{Jy,J2}

E Us +1-1201V;0
=1

min{Jl,Jg}

>

=1

~ @)=V

[1L(U)] a2V

i,

Similarly, one can verify that other sub-blocks of H 5’” agree
with the decomposition (32).

Second, to see the semi-orthogonality, one can compute

v l'[ U . .
=UU+1I(U) 11,(U)
Lw)| |mw)
=2U0"U =2I.
Similarly, one can verify the semi-orthogonality of

[VTIL(V)T]T (]

As a result, the dominant singular vectors of FH §k) are i), =
%[u{, I, (uy)"]" and ¥}, = %[v?, I1,(v1)"]T, where u; and
v are the first columns of U and V, respectively. It is clear that
@}, and ¥}, are symmetric, respectively.

B. The Zero-Padding Property

Consider building an unbounded lattice by extending the
rows and columns of {¢; ; : ¢,j = 1,2,..., N} to infinity with
equal spacing # (i.e., i, 7 take all the integer values). We con-

struct a 2J x 2J matrix H", J =N — min{m,n}, using
the 2.J x 2. array of elements {£ah(d(¢; ;,s:)) 11— J <

i —m,j—n<J}. Then, H\" is a sub-block of H'* which

is a sub-block of ﬁ(k). Moreover, H ik) is a sub-block at the

center of ﬁ(k). .

Lemma 5: Except sub-block H ( ), the entries of ﬁ(k) are
Zero. . ()
Proof: By the choices of J; and J», the sub-block H
covers the whole area that observes non-zero energy from the

source. To see this, for any location ¢; ; outside sub-block

Fr(k . ~ - . . .
H 5 ), either ¢; ; or ¢; 5, the grid point symmetric about the

source location sg, is outside the target area .A. We thus have
h(d(&i . sk)) = h(d(¢; 5, s)) = 0 due to the assumption that
Jrz\a P(d(z, 8))*dz = 0. O

Thus, the singular vectors of ﬁ(k) can be obtained from the
singular vectors of H 5’“) by padding zeros with proper dimen-
sions: i = [0T, (@l)T, 07T and ¥ = [0T, (¥})T, OT]T.

In addition, H " is symmetric because the (i, j)th entry is
sampled atlocation¢,,, ;.;,, ;.7 which has the same distance
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S S does. As a result,
11

the dominant left and right singular vectors are equal, @} k = vy,
(k (k) 27k )
Since H

to the source sj, as location ¢

) is a sub-block of H Wthh is a sub-block of H

the dominant singular vectors of H equals to some portions
of the common vector 112, where the left singular vector uy, is
symmetric about the nth element, and the right singular vector
v}, the mth element.

C. Convergence Analysis

Finally, we study the perturbation or error H " H®) De-

note %} (y) and 2 () as linearly interpolated functions from
the singular vectors uy and vy, respectively, i.e., ﬂ{c\’ (cm +

1) = \/N/Liiy; and 9 (cx; + 02) = \/N/ Ly, ;. A pertur-

bation analysis yields

L

|Hz(jk) - f{z(jk)| = Nak

h(dij)

- (h(dij) + /1 W (di; + t&,-)dt)‘

0

OékKhL
S — N ‘ U|
K,L?
< M (33)
V2N?
where dij = ||Ci’j — sk”?Sij = ||éi,j — SkH — dij,and hl(d) =

limyo §[h(d + t) — h(d)] denotes the right derivative of h(d).
The upper bound (33) implies that H®) converges to H (k), in

the sense that HH(’“) ||2 < N2(7af/§1’\}2 )2 = % — 0.
N

In addition, since @, (y ) and 9 (z) uniformly converge, we
must have @Y (y) — @2 (y) and v (z) — 93 (), uniformly as
N — 0.

Note that since w; and vj are extracted from the com-
mon vector i}, the interpolated functions @) (y) 95 () has
an identical shape. Therefore, there exists a unimodal symmet-
ric function w(x) = w(—x), such that @ (y) — w(y — sk.2)
and 0y, (z) — w(z — sk,1). The property [ w(z)?dz = 1is
a direct consequence of the unit norm of singular vectors.

APPENDIX C
PROOF OF THEOREM 2

We first compute the peak localization error bound given the
signature vector perturbations.

Let V1 be the dominant right singular vector of H, the ob-
servation matrix in the case of conservative construction, where
N = /M. In the case of aggressive construc}ion, N >+VM s
let V; be the dominant right singular vector of X, the solution to
2. Denote €1 = Vi — v1.

From (12), it follows that

- /_OO (w1(x) + éf(ﬂC)) <7U1(—33 +t)+eN(—z+ t))da:

_ /jo w1 (z)wy (—x + t)dx + /OO wy (z)ey

o0 —00

(—x + t)dx

2381
o0 o0
+/ ey (z)wy (—x + t)dx + / e (z)eN (—x + t)dx
=7(t—2811)+ / wy (x)e) (—z + t)dx
—00
[ ey u)-dn) + BV 0 (34)
+oo
o0
=7(t—2s11)+ 2/ wi (z)el (—z + t)de + EN(t)  (35)
where Equation (35) uses the fact that ffcoo wy (z)wy (—x +
t)dx = T(t — 2s1,1) from the integral (9).
As t = 28 ; maximizes R(¢; V1) in (35), we have
T(Qél,l — 28171)
+2/ wl(os)éf](f:c+2§171)dx+EN(2§171) 7EN(28171)
—0Q
o0
T(2s1,1 — 2s1,1) + 2/ wl(ac)éiv(—x +2s11)dz
=7(0) + 2/ wi(z)ey (—x + 2511 )dx
where 7(0) = [ wi(z)?*dx = 1. As aresult,

1-— T(2§171 — 28171)

<2 /jc wy () [e(—x +2811) —e(—x+ 231’1)} dx

+ EN(231 1) — EN(Qél 1)
SQCJ('U{VT |—|—0|'v1 |

using conditions (17) and (18) for asymptotically large N. We
obtain

1—2C|(v])" NyT

eﬂ +of|(v7) ef[!) <7(2[81,1 —s1.1])
(36)
1 = 2C.|(w]) e | +

is the inverse function of

which leads to 811 — s1.1| <
0(|(v{V)Te{V ) where t =77 1(y
y =7(t), t > 0. Hence,

37
)

R o 11 _ 2
(81,1 —s1,1)" < 1 [T '(1—2Ce¢o + 0(¢0))} (37)
where we denote ¢ £ |(vY)

In addition, from the assumption that the first and the second-
order derivatives, 7/(t) and 7”(¢), exist and are continuous at
t = 0, we bound 7(¢) by a quadratic function

Tel'|.

1
T(t) <7(0) + 70+ (O + ) (38)
for some small v > 0. Note that for any v, there exists a,, > 0,
such that the quadratic upper bound (38) holds forall ¢ € [0, a,].
In addition, from the definition of 7(¢) in (8), we obtain 7(0) = 0

and 7”(0) < 0. Then, from (36), we arrive at

1 —2Cepo + o(do) < 7(2|811 — s1.1])

<1+ %(T"(O) o) x4 —s1)” (39)
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ift = 2’@1,1 — 3171’ is small enough, i.e., t € [0, a,]. Note that
7"(0) + v < 0 as v can be chosen arbitrarily small. As a result,

S0 — s |2 -1 (2Cego +0(d0)) 1 (2C. + o(1)) o
R e S ) R D R ()
For small enough ¢, we will have |o(¢)| < C., which yields
R 1 3C,
S = = 0

A similar result can be derived for the error component ($1 2=
s1,2)? by analyzing the perturbation of w;, and the result is
statistically identical to (37) and (40). Combining (37) and (40)
yields

. 3C. 00
_ 2 ~ ey
[I81 — s1]|5 < max { —70) =7’

% [771(1 — 20 + 0(¢0))} 2} . @D

Moreover, for small enough ¢ = |(v]')Tel’|, (41) simplifies
to
A 30@¢0
S — 2 7 42
181 = s1ll2 < — 0) —v 42)

We hereafter drop the superscript N from v and el for
simplicity and derive the signature perturbation ¢y = |v¥e1 | by
examining two cases.

A. The Case of Conservative Construction N = v M

Consider that the sensing location 2" is inside the grid cell
centered at ¢; ;. Then, according to the matrix observation model
(1)—(3), we have

L m
Hij — Hij = +(h™ — a1h(dyy) )
all (', n(m)
== W (dy; + t6(™)dt
N (/0 ( J + ) + oy
- a1l /_ n(m)
-F G “3)
where  dij = ||ei; = sifla, 00 = [[20) = 815 — diy,

W(d) = limyo [h(t + d) — h(d)] is the right derivative of
h(d), and Zj 2 [} 1 (dij + t60™)dt.
Note that by the Lipschitz continuity of /(d), we have

24| < Knd"™ < K,L/(V2N) (44)

and therefore, Z;; is a sub-Gaussian random variable with sub-
Gaussian moment bounded by K, L/(v/2N) [27], [28].4

In addition, the bounded random variable n{™) is also sub-
Gaussian with sub-Gaussian moment bounded by o7,,. As a

“4Recall that a real-valued random variable X is said to be sub-Gaussian
if it has the property that there is some b > 0 such that for every ¢t € R one
has E{e*X} < exp(4b2¢2). The sub-Gaussian moment of X is defined as
s6(X) = inf{b > 0|E{e!*} < exp(4°¢?),Vt € R}, which has property
sa(aX) = |alsc(X) [27], [28].
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result, the random quantity

aL— ai L ntm) :
Yl N from (43) is sub-

Gaussian with sub-Gaussian moment bounded by’

A all (KhL>2 <0n>2
e +(==) .
N V2N o

Consider the N x N matrix of the sample error E 2 H — H,
where the entries E;; have zero mean and sub-Gaussian moment

(45)

bounded by w in (45). This implies that E= %E have zero mean
entries with sub-Gaussian moment bounded by 1. A bound of
the spectral norm o (E) can be derived using the following result.

Lemma 6 (Spectral Norm [29]): For an N x n random ma-
trix X whose entries are independent zero mean sub-Gaussian
random variables with sub-Gaussian moments bounded by 1, it

holds that
P{o(X) > C(VN +yn) +t} <2 t>0

for some universal constants C' and c.

By choosing N =n and t = C+v/N in Lemma 6, we obtain
o(E) < 3CV/N with probability at least 1 — 2¢~““*N_ There-
fore,

2712 2712 =2
o (E)? < 9C202N — Gy 21L (KhL %

N SN2 + a%> (46)

holds with probability at least 1 — 2e~¢3V, where Cy = 9C?,
and Cy = cC?.

We now derive an upper bound of ‘v{el ]

Note that vie; < 0 because 1= ||V1]]3 = |[v1 +€1]]3 =
1+2vie; + ||eTe |3, and hence, 2vie; = —|eTe;||3 < 0.
Then, the singular vector perturbation can be obtained as

. . 2
sin Z(vy,Vq) = \/1 — ’v?(vl + e1)|

= \/—Q’UF{G1 + (v¥el)2

> \/2|’UF{61‘

where | - | denotes the absolute value operator.
On the other hand, using the singular vector perturbation re-
sults in [30], we know that

(47)

20(e)

sin Z(vy,V;) < ————
01,1 — 01,2

(48)

where o7 and o, are the first and second dominant singu-
lar values of H. Recall that we have 011 — 012 — Koy, as
N — .

Therefore, we arrive at

(sinl(vl,fll))2
_1 <2a(E)>2
-2 RO,

CoK2LY 20,12 52

- K2N3 K2N of

N | =

[vied| <

SIf X and Y are independent sub-Gaussian, the sub-Gaussian moment of

X 4 Y satisfies s6(X +Y) = y/56(X) + sa(Y) [27], [28].
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for asymptotically large N, with probability at least 1 —
23N As M = NZ2, it further holds that
3CoC.K2L*  6C,C.L? 52
T 0“eflp 0Ve n A
3Ce|vrer| < —3m5— + RN 61 (49

for large M with probability at least 1 — 23/,

Note that for large enough M, the term ¢; in (49) becomes
small enough to satisfy t = 771(1 — ¢1) < a,, such that 7(¢) <
7(0) + 7/(0)t + £(7"(0) + v)t? holds, and therefore, (41) sim-
plifies to (42). Applying 3C.¢pg < ¢; to (42) and using (49), we
obtain (19).

B. The Case of Aggressive Construction N > v/ M

We first compute the total measurement noise using property
(44) and the bounded noise assumption in Theorem 3. From
(43), we have

272 (m) (m)\ 2
2 ofl® [_, __n n
HZ—HZ = = 2=
- = 8 (22 ()
a2L? [ K22 \/ﬁKhL@_i_ﬁ a2
- N2 | 2N? N o o} '
(50
As a result,

[Po(H— H)|% = > [Hiy— Hy|* < M&*.
(2,5)€Q

We then characterize the completed matrix X as the solution
to Z2.

Lemma 7 (Matrix completion with noise [21]): Suppose that
the parameter e in 9?2 is chosen to satisfy € > ||Po(H — H)||F.
In addition, assume that M > C'N(log N)? for some constant
C = C'f. Then, with probability at least 1 — N7,

X — Hl|r <4 €+ 2€ (51)

(2+p)N
p
where p = M /N?.
According to Lemma 7, we choose the parameter ¢ = v/ M¢&

in &2 for (51) to hold. In addition, the bound in (51) can be
simplified as

IX — Hllp <4 CEDN | g
:(4,/2ﬂj\f’+z\r+2)e (52)
<<4\/CW?1]:;]V)2+N+2>6 (53)
:< 3C%IO§N+O<¢N>> Jiis

=1 (54)

2383

where equality (52) is based on the relation p = M /N2, inequal-
ity (53) is due to M > C'N(log N)?, and equality (54) can be
shown using the following lemma.

Lemma 8: Suppose that non-negative functions f and g sat-
isfy f(z) — o0, g(z) — 00, and h(z) = f(x)/g(x) — oo, as
x — oo. Then, \/f(z) + g(z) = \/f(z) + o(y/g(z)), where
limg o 0(\/@)/\/9(7) =0.

Proof: We can show that the residual error

\/f () grows slower than \/g(z) as follows
@) - V@

f(@) +g(x) —

N N
=% \/ o) \/ 9(@)
o AT - AR (VAR T+ /R@)
e Vi@ + 1+ /h(@)
1
= lim
% h@) + 1+ v/h()
=0.
OJ
Let
2N3 2N2

fN)

~ CN(ogN)2 ~ C(log N)?

andg(N) = N.Wehave f,g — ocoand f/g — cofor N — oc.
Then, equality (54) follows from Lemma 8.

Consider E as arandom matrix whose entries are independent
zero mean with sub-Gaussian moments bounded by & £ 77/N.
Since 5z X5 [ Xy — Hij ? < /N? with probability at least
1 — N8, weknow o(X — H) < ¢(E) with probability at least
1 — N7 Following the same derivation as for (46), we obtain

~ - Co 32N?

E)? < Co@a’N=— =——5 +0o(N) ) CN(log N)*c*
o8 < ot N =2 (i ys + o) ) N (og NYe

=& (32CoN? + o(N(log N)?))

with probability at least (1 —
O(N-P).

Using the singular vector under perturbation results in [30]
and the expression for € in (50), and following similar calcula-
tions in (47)—(49), we obtain

~ 2
1 (20(E)
T
o= (22
212 [ KZL? N V2K, L 6y, N o
K2\ 2NZ2 N 2

(5] «

X (3200 +o ((log]éw)) (55)

with probability 1 — O(N 7).
Finally, if one choose parameters M, N such that M is the
smallestinteger satisfying M > C'N (log N)?, then we can write

2e"CNY(1 - N7P), ie., 1—
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M = CN(log N)? + ¢, where € € [0,1). As a result, from
M1~ = [CN(log N)? + €], we arrive at

(log N)Q(l’“) €
CN(log N)?

(log N)Z(l—a)
NCY

11—

. (56)

leoz La
N ¢ Ne

Itisclear that for0 < o < %, the term converges to
0 as NV — oo. As a result, there exists a finite integer N7 < co
such that for any N > Ny, the right hand side of (56) is less
than 1, i.e., < 1. This 1mphes that ]{, < M1 . Similarly,
using M? = [CN(log N)? + €0)?~, one can obtain 5 <
s for asymptotically large M, N. Substituting + L

1 N S Mi-«
and w7 < to (55) and omitting the o(-) term, one can
obtain

M2a

V2KLL Gy og

3C.|vie| < M= o a%

= ¢
(57)

o2 [ K2L°
K2 M2«

with probability 1 — O(N~#), where C}y = 192C.

Note that for large enough M and high SNR «; /7, the term
¢ in (57) becomes small enough to satisfy ¢t = 771(1 — ¢3) <
ay,suchthat7(t) < 7(0) 4+ 7/(0)t + 3(7”(0) + v)t* holds, and
therefore, (41) simplifies to (42). Applying 3C.¢g < ¢ to (42)
and using (57), we obtain (20).

APPENDIX D
PROOF OF THEOREM 4

W.l.o.g., assume that the two sources are located at s; =
(0,0) and s = (D cos 6, Dsind). Define w.(x,0) = w(x —
D cos ) and wg(x, 0) = w(x — D sin @), where w(z) is the uni-
modal and symmetric function defined in Proposition 1.

Using Proposition 1, we have the following approximation
under large N

fur+ sl ~ [ (o) + w(o.0))’ds

= ((w + we)?)

where we have defined an integration operator (-) as

= /Z f(z,0)dx

for a function f(x,0). Note that the operator (-) is linear and
satisfies the additive property, i.e., (af) = a(f) and (f + g) =
(f) + {g), for a constant @ and a function g(z, 6).

Similarly, [|v1 4+ v23 & (w4 ws)?),  [Jur — us||3 ~
((w —we)?), and [lvy — |3 ~ ((w —wy)?).

In the case of vy = awg, it can be shown that the SVD of H
is given by

(58)

where 01(0) = Lo |lur + usl2llvr + v2llz and o2(0) =
Lo ||uy — uz|l2||vi — v2|2 are the singular values, and

H = 01p1q] + 02p2q5

p w1 + Uz v1 + U2
 =pTU o U1TU2
Jur + uzll” [v1 + vall2

UL — U2 V1 — V2
Po=7——4q9Q2= 37—
s — w22 v — vall2
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are the corresponding singular vectors. Here, all the components
are functions of 6.

As aresult,
A 0'2(9)2
,U,(e) - 01(9)2
(w — we)®) ((w — wy)?)

(w+ wc)2><(

we)) (1= (w - wy))
we)) (1+ (w - wy))

where we have used the fact that ((w — wc)2> = (w?) + (w?) —
2(w - we) = 2(1 — (w - we)).

In addition, from properties of calculus, if f(z,6) and
% f(z,0) are continuous in 6, then

d9 de/ f(z,0)d

- f(x O)dz = (551 )-

Therefore, defining

(fE 0) d.I‘ ( )|x:x7Dc059
wé(w,@) 2 %w(x)’fc:x—DsinQ
we have
—(w - we) = (W —we(x, = {(w-w,)D sin
i Y JDsing
—(w - ws) = (W - —ws(x, = —(w-w,Dcosb.
i T D eos

With some algebra, the derivative of y(6) can be obtained as
d / 2
@,u(H) = n[D cos O{w - w) (1 — (w - we)?)
— DsinO(w - w.)(1 — (w- ws>2)}
- n[— tor(s)(1—7()2) +s- () (1 - 7(5)2)]

where 1 =2(1+ (w- wc>)_2 (1+ (w- ws>)_2, t = Dcos#,
and s = Dsiné.
Note that 0 < s < tfor0 < 6 < 7. Applying condition (22),

we have
%u(e) >t () [(1=7(9)%) = (1= 7(1)?)]
= t-7(s)(7(t)* = 7(5)%)
>0

since 7/(s) < 0 and 7(t) < 7(s) for 0 < s < t.

This confirms that 1(@) is a strictly increasing function, and
hence p(6) is a strictly decreasing function in 6 € (0, T). The
result is thus proved.
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APPENDIX E For the case of ||U.||r = o(]|Ve| ). the derivation to show
PROOF OF PROPOSITION 2 (29) is similar.
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