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Abstract—This paper considers the problem of efficient feedback design for massive multiple-input multiple-output (MIMO)
downlink transmissions in frequency division duplexing (FDD)
bands, where some partial channel state information (CSI) can
be directly exchanged between users via device-to-device (D2D)
communications. Drawing inspiration from classical point-topoint MIMO, where efficient mechanisms are obtained by feeding
back directly the precoder, this paper proposes a new approach
to bridge the channel feedback and the precoder feedback by
the joint design of the feedback and precoding strategy following
a team decision framework. Specifically, the users and the base
station (BS) minimize a common mean squared error (MSE)
metric based on their individual observations on the imperfect
global CSI. The solutions are found to take similar forms as
the regularized zero-forcing (RZF) precoder, with additional
regularizations that capture any level of uncertainty in the
exchanged CSI, in case the D2D links are absent or unreliable.
Numerical results demonstrate superior performance of the
proposed scheme for an arbitrary D2D link quality setup.
Index Terms—MIMO, device-to-device, limited feedback, precoding, CSI exchange, FDD systems

I. I NTRODUCTION
MIMO systems can achieve a large throughput gain by
exploiting the spatial degrees of freedom using multiple antennas. To realize such advantage, the BS needs to collect
the instantaneous global CSI from the users and compute the
precoder in a centralized way [1]–[9]. While there are a lot of
recent works focusing on time-division duplex (TDD) systems
where channel reciprocity can be exploited for downlink CSI
acquisition, FDD systems still dominate commercial cellular
networks where much of the licensed spectrum comes in
paired chunks. In FDD massive MIMO systems, acquiring
downlink CSI is challenging because the CSI, as estimated
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at the user side, needs to be fed back to the BS using limited
feedback resources. Traditional approaches for feedback reduction include, for example, channel codebook design using
quantization theories [1]–[4], robust precoding under limited
CSI [5]–[7], and rate splitting encoding strategy [8], [9].
As considered to be one of the main novelties brought by
5G standards, D2D communication is a promising technology
that allows users to directly communicate with each other
without routing the message via the BS. In recent years, D2D
assisted MIMO transmission has attracted increasing attention
[10]–[20]. With D2D communications, some users can act as
relays to assist the data transmission to the target users, by
reusing the radio resources of the cellular network through
proper power control [13], [14], or transmitting in the underlay
mode with adaptive precoder design [15]–[17] or receive mode
selection [18]. In addition, the works [19] and [20] studied
the precoder design and analyzed the spectrum efficiency for
massive MIMO systems with underlay D2D communications.
While the bulk of the literature focuses on using D2D
to deliver data streams, there are some works exploiting
D2D to assist the signaling in the context of MIMO cellular
transmission. Specifically, the authors in [11] and [21] proposed a precoder feedback scheme for FDD multiuser MIMO
systems, where the users first obtain the global CSI via D2D
communications, and then compute and feed back the precoder
to the BS through a rate-limited uplink feedback channel. It
is demonstrated in [11], [21] that in the ideal case when users
have perfect global CSI via infinite-rate D2D, the precoder
feedback scheme can achieve signifiant throughput gain over
the CSI feedback scheme. This result draws inspiration from
the problem of feedback design in classical point to point
MIMO under rate-limited (i.e. quantized) feedback [22]. In
particular, with perfect global CSI at the user side, it is
better to design a quantizer with an objective to maximize
the ultimate signal-to-interference-and-noise ratio (SINR) or
the sum rate, rather than to merely minimize the individual
channel distortion. While computing a global precoder at the
user side is generally not possible in multiuser settings (due to
the locality of channel state information available at the user),
it becomes possible if D2D links are available.
However, prior works [11] and [21] have several limitations.
First, high quality D2D communications may not always be
available in practical systems, since the D2D link is also
capacity limited and subject to transmission latency. Consequently, with distortions in CSI exchange due to quantization
and transmission latency, the performance of the precoder
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feedback scheme may significantly degrade. Second, as found
in [21], when the D2D link quality falls too low, it is better to
switch from the precoder feedback regime to the CSI feedback
regime. However, a binary switch feedback strategy between
the two regimes is difficult to optimize and bound to be
suboptimal. In particular, even when the switch point may
be found, the switch-based scheme may not perform well
in the regime of medium to low D2D quality, because it
simply discards the additional CSI exchanged between users
and switches back to a classical CSI feedback scheme. Another
desirable feature is the adaptation to spatial heterogeneities in
D2D links, i.e., some pairs of users may be in close range
and have good D2D capabilities while other pairs may be
in long range and have poor D2D conditions. An underlying
challenge is to fathom a feedback strategy which could bridge
the precoder feedback and the CSI feedback into a single
unified feedback strategy.
This paper addresses all the above issues. It aims at developing a new family of feedback and precoding strategies
for the users and the BS in the scenarios of heterogeneous
D2D link qualities between the users. Specifically, we adopt a
team decision approach, whereby the users and the BS share
a common objective to minimize a modified MSE criterion
of the received signals at the user side. More specifically, the
users compute a feedback vector to minimize the expected
MSE based on their individual observations of the global CSI,
and the BS computes a regularized minimum mean square
error (MMSE) precoder based on the feedback from the users.
We show that the solutions to such team decision problems
have a dual regularization structure, where the feedback is
given by the vector that maximizes the signal-to-interferenceleakage-and-noise-ratio (SLNR) regularized by the D2D link
qualities, and the precoder is given by the RZF solution that
is also regularized by the D2D link qualities. The proposed
dual-regularized feedback and precoding strategy bridge the
gap between the conventional CSI feedback scheme [1]–[7]
and the precoder feedback scheme [12], [21], and it converges
to the two existing schemes in the extremes of no D2D and
perfect D2D, respectively.
To summarize, this paper develops a novel D2D assisted
feedback and precoding scheme that has the following advantages:
•

•

•

Throughput enhancement: The proposed scheme achieves
higher sum rate than both the CSI feedback scheme and
the precoder feedback scheme over all D2D link qualities.
Robustness: When users have heterogeneous D2D link
qualities, all the users can still achieve higher data rate
than the CSI feedback scheme.
Compatibility: The scheme allows the coexistence of
users with and without D2D cooperation, where the D2D
cooperative users gain additional benefit through the CSI
exchange, while the non-D2D users are not affected.

The rest of the paper is organized as follows. Section II
introduces the channel model, the information structure of
the users and the BS, the CSI exchange strategy, and the
formulation for the feedback and precoding problems. The
feedback strategy is studied in Section III and the precoding
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strategy is studied in Section IV. Section V gives the numerical
results, and Section VI gives the conclusions.
Notations: The notations kak and kAk denote the Euclidean
norm of vector a and the matrix 2-norm of A, respectively.
In addition, AH denotes the Hermitian transpose of A; and
A⋆ denotes the optimal solution to an optimization problem
where A is the variable.
II. S YSTEM M ODEL
This section first introduces the channel model and the
CSI exchange strategy via D2D communications. Then, the
feedback and precoding problems based on heterogeneous CSI
are formulated.
A. Channel Model
Consider a K-user downlink MIMO system, where the
BS is equipped with Nt ≥ K antennas and the users have
single antenna. Denote the downlink channel for user k as hH
k,
where hk ∈ CNt is a column vector and follows distribution
CN (0, Rk ). The channels between users are mutually independent.1 User k knows hk perfectly, and the global statistics
{Rk } is known by all the users.
Let H = [h1 , h2 , . . . , hK ] ∈ CNt ×K be the channel
matrix for all the users and W ∈ CNt ×K denote the
precoder for the downlink transmission. The received signal
y = [y1 , y2 , . . . , yK ]T at the user side is
y = HH Wx + n

(1)

where x ∈ CK is the vector of transmission symbols that
satisfies E xxH = IK , the precoder W satisfies the sum
power constraint tr{WH W} ≤ P , and n ∼ CN (0, IK ) is the
Gaussian noise.
In general, the desired precoder W is a function of the
CSI H which is originally available at the user side. To assist
the precoding, each user can feedback B bits of CSI related
information to the BS.
B. CSI Exchange via D2D
In parallel to cellular communications, the users exploit
reliable D2D links to directly exchange the CSI with each
other. For example, the D2D communication can be implemented in out-band mode with no interference to the cellular
communication, using existing technologies such as WiFi
Direct, Bluetooth and ZigBee.
(j)
Denote the CSI hk of user k known by user j as ĥk , which
is modeled as follows
q
(j)
(j)
(j)⊥
hk = αjk ĥk + 1 − α2jk ξk + hk
(2)

where αjk ∈ [0, 1] is a parameter to capture the quality of the
(j)
CSI obtained via D2D, ξk is a zero mean random vector with
distribution CN (0, Ξkj ) to model the noise due to quantization
(j)⊥
(j)
or transmission delays, and hk
is orthogonal to both ĥk
1 For dependent channels, distributed source coding can also be used to
design the D2D assisted feedback strategy [23], [24]. However, this is beyond
the scope of this paper.
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CSI exchange model (2) to develop advanced feedback and
precoding strategies.
2) Delayed CSI Exchange: Consider to exchange the unquantized CSI hk . A practical problem is the potential delays
in transmitting the CSI via D2D communications, and it
induces CSI distortion due to small scale channel fading. Let
(j)
ĥk be the out-dated CSI received by user j. The autoregressive time-variation q
model [26] for the MIMO channel yields
(j)
(j)
hk = αjk ĥk + 1 − α2jk ξk , where αjk = J0 (2πfd τd )
is the correlation coefficient, J0 (·) is the zeroth order Bessel
function, fd = vc fc is the maximum doppler frequency under
carrier frequency fc , propagation speed c, and user mobility
(j)
speed v; τd is the D2D transmission delay, and ξk is zero
mean Gaussian distributed with variance Ξ = Rk . The CSI
(j)⊥
exchange model (2) follows, with hk
= 0.

(2)

User 2

ĥ3

User 3

(3)

ĥ1

(1)

ĥ3

Figure 1. An example on the signaling structure for a three-user MIMO
system, where the users exchange the quantized CSI via D2D.

C. Feedback and Precoding under Partial CSI Exchange
(j)

and ξk to model the portion of CSI hk that is not to be
transmitted to user j. In particular, αjk = 0 means there is no
D2D from user k to user j, and hence user j has no knowledge
of hk , whereas, αjk = 1 means there is perfect D2D, and user
(j)⊥
j knows perfectly hk − hk .
After the exchange of CSI, user k has the imperfect global
CSI Ĥk ∈ CNt ×K given by
(k)

(k)

(k)

(k)

(k)

Ĥk = [ĥ1 , ĥ2 , . . . ĥk−1 , hk , ĥk+1 , . . . , ĥK ].

(3)

Fig. 1 illustrates the signaling structure in the three-user
case. Two application examples are provided below to justify
the CSI exchange model (2).
1) Quantized CSI Exchange in Correlated Channels: Consider to exchange the CSI via D2D using a limited amount of
bits and the transmission delays are negligible. As proposed in
[21], an efficient mechanism in correlated channels is based
on signal subspace projection. Conceptually, if the channel
subspaces of user k and j are partially overlapping, then only
the portion of CSI that lies in the overlapping signal subspace
is needed to be exchanged. The intuition is that if the two users
have non-overlapping channel subspaces, they do not need to
exchange the CSI because their preferable precoding vectors
would not create interference to each other.
Therefore, let Rk = Vk Λk VkH be the eigendecomposition,
where Λk is an Mk × Mk diagonal matrix containing the
nonzero eigenvalues of Rk sorted in descending order (with
Mk being the rank), and Vk is an Nt × Mk semi-unitary
(j)
matrix. The channel of user k can be written as hk = hk +
(j)⊥
(j)
(j)⊥
hk
where hk = Vj VjH hk and hk
= (I − Vj VjH )hk .
(j)
As a result, hk contains all the necessary information for user
(j)⊥
(j)
j and is orthogonal to hk . Consider to quantize hk into
(j)
ĥk using Bd bits; the quantization error can be modeled by
(2), where the parameters αkj and Ξ can be computed using
distortion-rate theories [21], [25]. A numerical example will
be given in Section V-B.
Note that the goal of the paper is not to study quantization techniques for CSI exchange, but to exploit the general

Consider
 the transmit precoding that minimizes the modified
MSE E kay − xk22 for some positive value a. Such modified
MMSE criterion was studied in [5] and observed to provide

better performance than the usual MMSE criterion E ky −
xk22 . The intuition is that by introducing the auxiliary variable
a, the sum power P can be better utilized [5].
From the signal model (1), it can be shown that the modified
MSE is given by

E kay − xk22 = aHH W − I

2
F

+ a2 K.

(4)

The common goal of the users and the BS is to minimize the
modified MSE in (4) subject to total transmission power P .
We consider that the users and the BS make sequential
team decisions to minimize the modified MSE based on
their individual information. Specifically, the feedback and
precoding problems are formulated as follows.
Feedback: Each user k feeds back to the BS a discretized
vector ûk = Qk (Wk⋆ ) where the matrix Wk⋆ is obtained as
the solution to the following MMSE problem
minimize

a≥0, W∈CNt ×K

subject to

E

n

aHH W − I

tr{WH W} ≤ P

2
F

+ a2 K Ĥk

o

(5)

in which the expectation is taken over the uncertainty of the
global CSI H given the individually observed imperfect global
CSI Ĥk . The quantizer Qk (·) is to be designed.
Precoding: Given the feedback Û = [û1 , û2 , . . . , ûK ] from
all the users, the BS computes the precoder W⋆ as the solution
to the following problem
n
o
2
E kaHH W − I F + a2 K Û
minimize
(6)
a≥0, W∈CNt ×K

subject to

tr{WH W} ≤ P

where the expectation is taken over the uncertainty of the
global CSI H given the feedback Û from the users.
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III. F EEDBACK D ESIGN
This section derives the feedback strategy of the user based
on the solution of the MMSE problem (5) from the finiterate codebook. In particular, assume that the codebooks Ck
are generated independently using random vector quantization
(RVQ) as follows
1
2

1
2

Ck = {Rk fi /kRk fi k : fi ∼ CN (0, INt ), i = 1, 2, . . . , 2B }.
(7)
The above RVQ codebook is also widely used in the literature
for limited feedback under correlated channels [2].2
A. The MMSE Solution based on Imperfect Global CSI
f = aW. Problem (5) is equivalent to minimizLet W
f subject to
f − I 2 Ĥk + a2 K over W,
ing E HH W
F
f H W}/P
f
tr{W
≤ a2 , which implies that given the optimal
⋆
f
solution W , the optimal solution a can be computed as
1
f ⋆H W
f ⋆ }/P 2 . As a result, problem (5) is equiva⋆ = tr{W
alent to the following unconstrained problem
n
f −I
E kHH W

minimize

Nt ×K
f
W∈C

2
F

o
f
f H W}
tr{W
Ĥ + K
P

(8)

f⋆ =
and the optimal solution to (5) is given by W⋆ = a1 W
− 12 ⋆
⋆H
⋆
⋆
f W
f }/P
f , where W
f is the optimal solution
tr{W
W
to (8).
To compute the expectation in (8), consider to stack the
column vectors in (2) for k = 1, 2, . . . , K into Nt × K
matrices, and the exchanged CSI model for user k can be
written as
1
1
(9)
H = Ĥk Ak2 + Ek Sk2 + H⊥
k
where
(k)

(k)

(k)

Ek = [ξ1 , ξ2 , . . . , ξK ],
(k)⊥

H⊥
k = [h1

(k)⊥

, h2

(k)⊥

and
(k)⊥

(k)⊥

, . . . hk−1 , 0, hk+1 , . . . , hK

].

In addition, Ak and Sk are diagonal matrices with diagonal
elements given by
(
j 6= k
α2kj
[Ak ](j,j) =
1
j = k,
and Sk = I − Ak .
Moreover, we define the CSI uncertainty coefficient as
follows, which is found to be an important parameter for the
solution to the feedback and precoding problem.
Definition 1 (CSI uncertainty coefficient): The uncertainty
matrix for the global CSI Ĥk obtained from CSI exchange by
user k is defined as
X
K
(10)
Qk ,
(1 − α2kj )Ξjk + INt .
P
j6=k

2 Note that this paper does not aim at optimizing the codebook. The
codebook design for the proposed feedback and precoding structure that
exploits the CSI exchanged between users is left for future works.

In particular, under uncorrelated channels with Ξjk = I in the
CSI exchange model (2), the uncertainty coefficient for user
k is defined as
X
qk ,
(1 − α2kj ) + K/P.
(11)
j6=k

The optimal solution to the feedback problem (5) is given
as follows.
Proposition 1 (MMSE solution under imperfect global
CSI): The optimal solution Wk⋆ to the feedback problem (5)
is given by
−1

1
Ĥk Ak2
Wk⋆ = βk Ĥk Ak ĤH
(12)
k + Qk
where and βk > 0 is chosen such that tr{Wk⋆H Wk⋆ } = P .
Proof: Please refer to Appendix A.
As a result of Proposition 1, the kth column of Wk⋆ is given
by


wk⋆ = βk Ĥk Ak ĤH
k + Qk

−1

hk

(13)

where, we recall that perfect CSI hk is assumed available at
user k.
Note that the statistics of H⊥
k does not play a role in
the solution (12)–(10), and thus it justifies the CSI exchange
(j)⊥
strategy in Section II-B1, where the CSI hk
is not needed
to be exchanged.
The above solution (13) takes a similar form as the robust
MMSE precoder under imperfect CSI at the BS, where the
term Qk performs regularization due to the uncertainty from
the CSI exchange and the signal-to-noise ratio (SNR).
B. Vector Discretization
The MMSE solution (13) is computed in the continuous
domain, and needs to be discretized into B bits for the
feedback. In fact, we are only interested in the kth column of
Wk⋆ , because in the special case of perfect D2D link qualities
αkj = 1, the kth column of Wk⋆ is the desired precoder for
user k and only the kth column is needed to be fed back
[12]. In the case of no D2D αkj = 0, the kth column of Wk⋆
degenerates to the scaled channel hk , which is also the desired
vector to be fed back.
An intuitive solution is to find a vector from the codebook
that is “closest” to the kth normalized column vector of Wk⋆ .
However, it is not known what a good distance measure would
be for the “closeness”, as Wk⋆ has the physical meaning as
a regularized precoder.3 Alternatively, we exploit the equivalence between the solution (13) and the solution to a Rayleigh
quotient maximization problem. Specifically, the result is given
in the following lemma.4
Lemma 1 (Equivalence between MMSE and SLNR): Let H
be an Nt × K matrix with the kth column given by vector hk .
For a positive definite matrix Q, the following result holds
(HHH + Q)−1 hk = ck uk
3 For example, a good distance measure to discretize the MIMO channel
is the geodesic on the Grassmann manifold, but such measure may not be
meaningful to discretizing the precoder.
4 Similar results have also been established in [27] for the special case of
Q = αI.
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where ck is a complex-valued scalar and uk is the solution to
the following problem
maximize
kuk=1

P

2
|hH
k u|
.
H
2
H
j6=k |hj u| + u Qu

(14)

precoder, whereas when users have no CSI from each other,
i.e., αkj = 0, they feed back their own quantized CSI. The
terms α2kj and 1 − α2kj steer the feedback vector from a
precoding vector to a CSI vector, according to the D2D link
qualities.

Proof: Denote the objective function (14) as
g(u) = P

IV. P RECODER D ESIGN

2
|hH
k u|
.
H
2
H
j6=k |hj u| + u Qu

Since Q is positive definite, the function g(u) is well-defined
and continuous everywhere in the compact domain {u ∈ CNt :
kuk = 1}. Therefore, g(u) attains a maximum value, denoted
as T , and moreover, g(u) ≥ 0.
g
Define h(g) = g+1
, where g ∈ [0, T ]. The function h(g)
′
is bijective, continuous, and strictly increasing, since h =
1
(g+1)2 > 0. Therefore, the maximum value of h(g) is attained
at g = T . As a result, the maximizer u⋆ such that g(u⋆ ) = T
is also the maximizer of the composite function
h(g(u))


−1
|hH
u|2
|hH
u|2
k
k
P
=P
+1
H 2
H 2
H
H
j6=k |hj u| + u Qu
j6=k |hj u| + u Qu
2
|hH
k u|

= PK
=

H 2
H
j=1 |hj u| + u Qu
uH hk hH
ku
uH (HHH + Q)u

and vice versa. Hence, the set of solutions to (14) is identical
to the set of solutions to
uH hk hH
ku
(15)
maximize
uH (HHH + Q)u
kuk=1
which is known as Rayleigh quotient maximization, where the
solution u⋆ is given by the dominant eigenvector of (HHH +
Q)−1 hk hH
k . This leads to
where ck is some scalar such that ku⋆ k = 1.
As a result of Lemma 1, we can relate the pseudo-inverse
solution (13) in continuous domain to a quotient maximization
problem in the finite domain. The feedback strategy for user
k is to choose a vector ûk from Ck as the solution to the
following problem

P

u∈Ck

2
|hH
k u|
(k)

2
H
j6=k αkj (ĥj ) u

2

+ uH Q k u

.

(16)

Some insights can be obtained from the special case of
uncorrelated channels.
Corollary 1 (Feedback strategy for uncorrelated channels):
Under uncorrelated channels Rk = I, the feedback vector ûk
is computed as
maximize
u∈Ck

P

j6=k

α2kj

Using the same technique in Section III, the solution can be
obtained as
i−1 
h 
K
E H Û Ψ
(18)
W⋆ = E HHH Û + INt
P
in which, Ψ is a diagonal matrix for power scaling to satisfy
the power constraint.
A. Precoding for Uncorrelated Channels
 of the precoding is to evaluate the terms
The main challenge
E HHH Û and E H Û . To gain intuitions, we first study
the uncorrelated channel case.
Under uncorrelated channels, the channel hk can be expressed in terms of the feedback vector ûk in (17). The result
is characterized in the following proposition.
Proposition 2 (Characterization of ûk ): Suppose that the
RVQ codebook in (7) is used to obtain the feedback vector
ûk from solving (17). Then,
q

d
hk = θk Gk
(19)
1 − ǫ2k ûk + ǫk zk
d

ck u⋆ = (HHH + Q)−1 hk

maximize

Based on the feedback Û to the BS, the precoder will be
obtained by solving (6), where the objective can be written as
n
o
2
E kaHH W − I F + a2 K Û
n
o

= tr a2 WH E HHH Û W
n n 
oo
− 2tr Re aE HH Û W
+ a2 K + K.

2
|hH
k u|
P
2
(k)
(ĥj )H u + j6=k (1 − α2kj ) +

K
P

.

(17)
It is observed from (17) that when users have perfect global
CSI, i.e., αkj = 1, they feed back the discretized SLNR

where x = y means that x and y have the same distribution,
zk ∈ CNt is a unit norm vector that satisfies ûH
k zk = 0
and E{zk } = 0 with isotropic distribution, ǫk ∈ [0, 1] is a
random variable that is independent to ûk and zk , and θk is a
B
B
t −1 − Nt −1
scaling factor, and satisfies NN
≤ E{ǫ2k } ≤ 2− Nt −1 ,
2
t
in which, the expectation is taken over the distributions of hk ,
(k)
ĥj , and Ck . In addition,
X
(k)
(k)
(20)
Gk =
α2kj ĥj (ĥj )H + qk INt .
j6=k

Proof: Please refer to Appendix B.
From (19), we have
i
h
d 2
H H
2
H H
2
û
G
+
ǫ
G
z
z
G
û
(1
−
ǫ
)G
=
θ
hk hH
k k k k
k k k k k
k
k
k

(21)

where we establish a few asymptotic results under some
special cases as follows.
Lemma 2 (Properties under high SNR and high feedback
resolution): The following holds
H
lim E{θk2 ǫ2k Gk zk zH
k Gk Û}

B→∞

H
= lim E{θk2 ǫ2k Gk zk zH
k Gk }.
B→∞

(22)

PREPRINT VERSION

6

In addition, for αkj ∈ {0, 1} over all j 6= k
X
(k)
(k)
lim lim
α2kj ĥj (ĥj )H ûk = 0
P →∞ B→∞

(23)

j6=k

with probability 1. Moreover,

lim E hk hH
k Û
{αkj →0}
n
o
H
2
H H
= ̟E (1 − ǫ2k )Gk ûk ûH
(24)
k Gk + ǫk Gk zk zk Gk Û

Proof: Please refer to Appendix C.
Inspired from Lemma 2, we make the following approximations
H
E{θk2 ǫ2k Gk zk zH
k Gk

Û} ≈
(k)

H
E{θk2 ǫ2k Gk zk zH
k Gk }

(k)

α2kj ĥj (ĥj )H ûk ≈ 0

E hk hH
Û
nk
o
H
2
H H
≈ ̟E (1 − ǫ2k )Gk ûk ûH
k Gk + ǫk Gk zk zk Gk Û

and

E{ǫ2k } ≈ 2

− N B−1
t

(25)
(26)

(27)

and
φ=

K X
X
k=1

j6=k

α4kj +

qk2 
.
Nt

(28)

(29)

(30)


H
We have
 the following approximation results for E HH |Û
and E H |Û .
Proposition 3 (Approximation results): Suppose (25)–(28)
Θ
hold under relation ≈. Then,




Θ
2
2
E HHH Û ≈ ̟ 1 − σfb
ÛΩÛH + σfb
φI
(31)

Θ
E H Û ≈ ÛΥ

2
σfb

B. Case Study
Here we discuss how the existing feedback and precoding
strategies are the special cases of the proposed dual-regularized
feedback and precoding strategy (17) and (33).
1) No CSI Exchange via D2D: This corresponds to akj = 0
in the CSI model (2). As a result, the feedback strategy (17)
degenerates to
2
maximize |hH
(34)
k u|
u∈Ck

which are asymptotically accurate at high SNR P , high
feedback resolution B, small αkj and large Nt .
To characterize the asymptotic accuracy of the approximaΘ
tions, define the relation ≈ for variables X and Y that depend
Θ
on P , B, {αkj }, and Nt , where X ≈ Y, if X and Y satisfy
kX − Yk → 0 as P , B, α−1
kj , and Nt all go to infinity. In
addition, let
2
Ω = diag(q12 , q22 , . . . , qK
)

Despite that the approximations (25)–(28) were derived
under extreme parameters, the precoder (33) shows good performance under moderate SNR P , small feedback resolution
B, moderate number of antennas Nt , and all range of CSI
exchange quality 0 ≤ αkj ≤ 1, as will be seen from the
numerical result section.
Furthermore, it is observed that the feedback and precoding
solutions (16) and (33) have a dual-regularized structure,
where the regularization terms capture the quality of CSI
exchange and the SNR.

(32)

− N B−1

where
= 2 t , ̟ is some positive scalar, and Υ is
some diagonal matrix.
Proof: Please refer to Appendix D.
Using the approximations (31) and (32), the modified
MMSE precoder W⋆ based on the feedback Û can be
computed as
−1



K
2
2
I
ÛΨ
(33)
ÛΩÛH + σfb
φ+
1 − σfb
P
where Ψ is a diagonal matrix such that all the columns of
W⋆ satisfy kwk⋆ k22 = P/K. The intuition that equal power
allocation is used in (33) is because Υ in (32) is unknown.

which is the conventional CSI feedback scheme as studied in
[1]–[7]. In this case, the feedback matrix from all the K users
is given by Û = Ĥ = [ĥ1, ĥ2 , . . . , ĥK ].
From (33), the precoding strategy at the BS yields,
K
h

B
B
K  i−1
2− Nt −1 +
W⋆ = 1 − 2− Nt −1 ĤĤH +
ĤΨ.
I
Nt
P
(35)
As a comparison from the literature, the robust MMSE
precoding scheme in [5] gives

h
B
K  i−1
Ĥ
(36)
I
WRB = ψ ĤĤH + K2− Nt +
P

where ψ is a scalar for the sum power constraint. Here, WRB
takes a similar form as the dual-regularized precoding (35),
and the difference is mainly due to the different quantization
technique used for the feedback in [5].5
2) Perfect CSI Exchange via D2D: This corresponds to
αkj = 1 in the CSI model (2). The feedback strategy (17)
takes the form
maximize
u∈Ck

P

2
|hH
k u|
(k)

j6=k

(ĥj )H u

2

+

K
P

(37)

and the precoding from (33) yields
r
 K 2
K  i−1
P
H
2
ÛÛ + σfb φ+
I
Û (38)
ÛΨ ≈
P
P
K
3 
P
≫ 1, since φ = K(K − 1) + PKNt ≫
for high SNR K

K 2
. The precoder (38) is the same as that in the cooperative
P
precoder feedback scheme studied in [12] and [21].
h

2
1−σfb

5 For (36), the generalized Lloyd algorithm is applied to design the codebook
Ck rather than using RVQ as in Section II. Moreover, (36) assumes the
quantization of hk including its magnitude, whereas the proposed feedback
scheme only considers the channel direction hk /khk k. As a result, the
K −B/(Nt −1)
precoder in (36) has the term K2−B/Nt rather than N
2
in
t
the proposed scheme (35).
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C. Extension to Correlated Channels
One of the challenges in correlated channels is that Proposition 2 does not hold. Here, we develop a heuristic precoding
strategy using the insights obtained from the precoding solution (33). A rigorous derivation and the associated analysis are
left for future works.
In the precoding strategy (33) for uncorrelated channels,
there are two regularization terms for the projection of the

B
feedback matrix Û. The first term 1 − 2− Nt −1 ÛΩÛH
determines how much the matrix Û should be inverted. The
columns ûk of Û are weighted by qk2 that capture the uncer
B
tainty from CSI exchange, and 1 − 2− Nt −1 that captures the
uncertainty due to finite-rate feedback to the BS. To look into
the two extreme cases, (i) for no CSI exchange, qk2 are large,
which means that the inversion of Û is desired, because in this
case the feedback Û ≈ Ĥ. (ii) For perfect CSI exchange, qk2
are small, which means that
the inversion of Û is not desired.
B
The second term (2− Nt −1 φ+ K
P )I determines how much the
inversion of Û should be regularized, and plays the opposite
role to the first term.
Correspondingly, in correlated channels,
P one may want to
weight the feedback vectors ûk by Qk = j6=k (1−α2kj )Ξjk +
K
P I. This is because the uncertainty from CSI exchange is only
in the subspace determined by Ξjk . In addition, the uncertainty
due to finite-rate feedback to the BS can be approximated
− B
by 2 Mk −1 . This is because from the codebook construction
(7), the codewords only lies in the Mk -dimensional subspace,
where Mk is the rank of the channel covariance matrix Rk .
e = [e
e2 , . . . , u
e K ]. From the above
e k = Qk ûk and U
u1 , u
Let u
insights, a heuristic precoding strategy can be developed as
follows
−1

K
X
K
− M B−1
⋆
H
e
e
k
φ+
I
ÛΨ (39)
W = UBU +
2
P
k=1

−

B

−

B

where B = diag (1 − 2 M1 −1 ), (1 − 2 M2 −1 ), . . . , (1 −

− B
2 MK −1 ) and Ψ is a diagonal matrix for power scaling.
We verify the rationale of (39) by checking the two extreme
cases. For no CSI exchange, αkj = 0, we have the CSI
feedback Û = Ĥ as from (16). On the other hand, the precoder
 PK
− M B−1
k
from (39) becomes W⋆ =
)Qk ûk ûk QH
k+
k=1 (1−2


PK − M B−1
−1
K
k
φ+ P I ÛΨ. It can be easily verified that
k=1 2
when the users have identical signal subspace, Qk ûk = ĥk
and W⋆ becomes a typical robust MMSE precoder based on
the CSI feedback. When users have non-overlapping signal
e k = Qk ûk ≈ 0, and W⋆ ≈ Ĥ, which
subspaces, u
is reasonable because maximum ratio combining (MRC) is
optimal when users have non-overlapping signal subspaces.
For perfect CSI exchange, αkj = 1, we have the precoder
feedback as from (16). In this case, Qk ûk = K
P ûk and
K 2
H
eH
ek u
u
k = ( P ) ûk ûk , which is far less significant than
q the
⋆
second regularization term K
P I, and hence W ≈
which converges to the precoder feedback scheme.

P
K Û,

V. N UMERICAL R ESULTS
In this section, we evaluate the performance of the proposed
dual-regularized feedback and precoding scheme, and compare

it with the existing CSI feedback and precoder feedback
schemes. We focus on the service in a local area where the
users that are close to each other. Note that the results can
be easily extended to system level implementations using user
grouping and two-layer precoding techniques [28].
Consider the system topology in Fig. 1, where the BS has
Nt = 20 antennas and transmits downlink signals to K = 3
users using spatial multiplexing. Each user has B = 10 bits
for the feedback to the BS. For the proposed scheme, consider
that each user has Bd bits to exchange a CSI vector with
another user via D2D. The total downlink transmission power
is P = 20 dB.
We compare the proposed scheme with the following baselines:
• Baseline 1 (Robust MMSE based on CSI Feedback
[5]): Each user quantizes the channel according to (34)
and conveys the CSI feedback to the BS. The BS computes the robust MMSE precoder according to (36).
• Baseline 2 (Cooperative Precoder Feedback [21]):
Each user computes the precoder according to (37) and
conveys the precoder feedback to the BS. The BS directly
applies the feedback vectors as the precoder as in (38).
A. Uncorrelated Channels
Assume that the MIMO channel is uncorrelated and Rk = I
for all k. The model
qof the exchanged CSI in (2) degenerates
(j)
(j)
(j)
to hk = αjk ĥk + 1 − α2jk ξk , where ξk ∼ CN (0, I) and
the CSI quality is modeled using the distortion-rate theory as
α2jk = α2 = 1 − 2−Bd /Nt [25].
Three cases are consider for the evaluation.
• Case A: All the users have the same D2D link quality
for CSI exchange, i.e., αkj = α, k 6= j.
• Case B: There is no D2D link between user 2 and 3,
while all the other links have identical D2D link quality
for CSI exchange, i.e., α23 = α32 = 0, and αkj = α for
(k, j) ∈
/ {(2, 3), (3, 2)}.
• Case C: User 3 has no D2D links with user 1 and 2,
while user 1 and 2 have identical D2D link quality for CSI
exchange, i.e., α12 = α21 = α, and αkj = 0 otherwise.
1) Sum Rate: Fig. 2 (a) shows the sum rate versus the
total downlink transmission power P under Bd = 60 bits for
each CSI vector exchanged via D2D. The proposed scheme
outperforms both the precoder feedback and CSI feedback
scheme from low to high SNR. In the high SNR regime, the
performance of the precoder feedback scheme suffers from
inter-user interference due to the quantization noise from the
rate-limited CSI exchange. By contrast, the proposed scheme
demonstrates performance improvement as being aware of
the noise from CSI exchange and regularizes the feedback
and precoding according to the noise statistics. Note that
although the proposed scheme shows conservative gains over
the precoder feedback scheme under moderate D2D capacity
for CSI exchange, as will be shown later, it demonstrates
robustness when the D2D for CSI exchange is poor, where
the performance of the precoder feedback scheme significantly
deteriorates.
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Figure 2. Sum rate performance: (a) sum rate versus the total downlink
transmission power P under Bd = 60 bits for CSI exchange, and (b) sum
rate versus Bd . The performance is benchmarked with the ideal case where
the users have perfect CSI exchange with each other (star dashed curves).

Fig. 2 (b) shows the sum rate versus the number of bits
Bd for CSI exchange. First, the proposed scheme outperforms
both the precoder feedback scheme and the CSI feedback
scheme over all D2D capacity for CSI exchange. In the regime
of no CSI exchange, Bd = 0, it approaches the CSI feedback
scheme with robust MMSE precoder. In the regime of high
quality CSI exchange, Bd = 150 bits, the proposed scheme
converges to the precoder feedback scheme, and performs
significantly better than the CSI feedback scheme. Second,
by removing one D2D link in case B, the performance of
the proposed scheme and the precoder feedback scheme both
degrade, but the precoder feedback scheme degrades more at
the high SNR regime. Note that at Bd = 0, the proposed
scheme performs slightly better than the CSI feedback scheme
with robust MMSE precoding. This is because the precoder
developed in [5] assume the channel gain khk k is also (implicitly) conveyed to the BS, whereas, in our implementation

(for fair comparison), only the channel direction hk /khk k is
quantized and reported to the BS.
2) Robustness: The performance under heterogeneous D2D
link qualities for CSI exchange is demonstrated in Fig. 3,
which shows the achievable downlink data rate for each user
versus Bd under case B, where there is no D2D link between
user 2 and user 3, while all the other links have identical
quality, i.e., α23 = α32 = 0, and α2kj = 1 − 2−Bd /Nt
for (k, j) ∈
/ {(2, 3), (3, 2)}. The precoder feedback scheme
boosts the performance for user 1, but significantly sacrifices
user 2 and 3, who achieve much lower data rate than the
CSI feedback scheme. By contrast, the proposed scheme
outperforms the CSI feedback scheme over all D2D capacity
for all users. Specifically, user 2 and 3 achieve similar data
rate, and user 1 performs slightly better. This shows that the
proposed scheme is able to maintain fairness and robustness
when users have heterogeneous D2D link qualities.
3) Backward Compatibility: Considering that user 3 has
no D2D at all, it has to feedback the CSI. Fig. 4 shows the
achievable downlink data rate for all the users, where the
precoder feedback scheme yields performance worse than the
CSI feedback scheme for all the users. By contrast, for the
proposed scheme, user 1 and 2 still benefit from D2D and
perform better than the CSI feedback scheme. Meanwhile,
the performance of user 3 is not harmed, although user 1
and 2 do not have any CSI from user 3. This shows that
the proposed scheme is compatible with the conventional CSI
feedback scheme, where the BS can serve users with D2D and
without D2D simultaneously without performance degradation
for any user.
B. Correlated Channels
Consider K = 2 user case, where user 1 and user 2 are
both away from the BS by 60 meters. The inter-user distance
between user 1 and user 2 ranges from 1 to 25 meters. Consider the urban macro scenario specified in the 3GPP standard
[29], where the power azimuth spectrum is modeled to have a
Laplacian distribution and the angular spread is modeled as a
log-normal random variable σAS = 100.34x+0.81 with x being
standard Gaussian distributed. Uniform linear antenna array
(ULA) is assumed when calculating the antenna correlations.
In addition, the two users independently experience in lognormal shadowing with 8 dB standard deviation.
Assume that the SNR for D2D communication is Pd when
the inter-user distance is d = 1 meter, and the SNR varies as
Pd d−2 for d ≥ 1. Suppose that for each time slot, 20 sec · Hz
radio resource is allocated for CSI exchange for each user,
for example, to transmit in a 1 ms time frame using 20 kHz
bandwidth. Therefore, the number of bits for CSI exchange
at each time slot is modeled as Bd = 20 log2 (1 + Pd d−2 ).
For example, Bd = 133 bits for d = 1 meter and Pd = 20
dB. The users exchange the CSI using entropy-coded scalar
quantization based on subspace projections as described in
Section II-B. It can be shown using distortion-rate theories
that the CSI distortion via D2D is given by [21]
1 − α2jk =

Mkj
Y (i) 1/Mkj
Mkj
λ
2−Bd /Mkj
tr{Rkj } i=1 kj

(40)
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Figure 3. Robustness: achievable downlink data rate for each user versus the number of bits Bd for CSI exchange under case B, where there is no D2D link
/ {(2, 3), (3, 2)}.
between user 2 and user 3, while all the other links have identical link quality, i.e., α23 = α32 = 0, and α2kj = 1 − 2−Bd /Nt for (k, j) ∈
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Figure 4. Backward compatibility: achievable downlink data rate for each user versus the number of bits Bd for CSI exchange under case C, where user 3
has no D2D at all, but user 1 and user 2 have identical D2D link quality, i.e., α212 = α221 = 1 − 2−Bd /Nt , and αkj = 0 otherwise.

and the quantization error variance is Ξkj =
(i)

tr{Rkj }
H
Mkj Vkj Vkj ,

16

where λkj is the ith largest eigenvalue of Rkj .

2) Medium or Low SNR for D2D: For Pd = 20 dB, the
proposed scheme performs similarly to the precoder feedback
scheme for small d, but it performs significantly better than
the precoder feedback scheme when d increases. This is
because, the SNR for D2D communication drops faster than

Pd = 20 dB

12

Sum rate [bps/Hz]

1) High SNR for D2D: Fig. 5 shows the sum rate for the
MIMO downlink transmission versus the inter-user distance d
between the two users. Note that as d increases, the quality
for CSI exchange deteriorates, but the signal subspaces of
the two users are less overlapped due to the one-ring model.
For Pd = 30 dB, the proposed scheme achieves similar
performance to the precoder feedback scheme. This is because
the proposed scheme operates at the regime of high CSI
exchange quality. First, when the inter-user distance d is small,
the SNR for D2D communication is high, and hence there
are sufficient number of bits for high quality CSI exchange.
Second, when d is large, the SNR for D2D communication
drops, but the rank Mkj for the overlapped signal subspace
characterized by Rkj also drops. As a result, the quality for
CSI exchange αkj in (40) remains close to 1. Third, it is
observed that both the proposed scheme and the precoder
feedback scheme significantly outperform the CSI feedback
scheme.

Pd = 30 dB
14

10
8
6
4
Proposed
Precoder feedback
CSI feedback

2
0
0

5

10

15

20

25

Inter-user distance d [m]
Figure 5. Sum rate of MIMO downlink transmission versus the inter-user
distance d between the two users.

the shrinkage of the overlapped signal subspace. For large
d, the proposed scheme enters into the regime of low CSI
exchange quality, and it demonstrates better performance by
using the dual-regularization technique.

PREPRINT VERSION

10

VI. C ONCLUSION
This paper proposes a dual-regularized feedback and precoding strategy for multiuser MIMO systems with limited
feedback from the users to the BS, where the users can exploit
short range D2D communications to exchange a portion of CSI
with each other. The proposed strategy exploits such imperfect
global CSI at the user side to feedback a regularized vector to
the BS. Based on the feedback, the BS computes an MMSE
type precoder regularized by the CSI uncertainty at the user
side due to the noisy CSI exchange via D2D. The feedback
and precoding strategy was derived by formulating an MMSE
problem for the whole network and solving it using a team
decision concept, where each user tries to solve the MMSE
problem given the individual observation of the global CSI,
and the BS solves the MMSE problem given the feedback from
the users. It was shown that the solutions to such sequential
MMSE problems take similar forms to the maximum SLNR
precoding and RZF precoding, with additional regularizations
to capture the uncertainty of the exchanged CSI between
users. Numerical results show that in terms of sum rate
performance, the proposed feedback and precoding strategy
performs uniformly better than both the CSI feedback scheme
and precoder feedback scheme from low to high SNR and
from low to high D2D communication qualities. In addition,
the proposed scheme demonstrates robustness and backward
compatibility over heterogenous D2D link qualities, where all
the users can gain benefits even though some users may have
poor or no D2D.

A PPENDIX A
P ROOF OF P ROPOSITION 1
From (9), we need to evaluate
n
1
1
Hf
E (Ĥk Ak2 + Ek Sk2 + H⊥
k) W−I

2
F

o
Ĥk .

First, due to the CSI exchange strategy in Section II-B, we
⊥
have E{H⊥
k Ĥk } = E{Hk } = 0, and
⊥ H
E{H⊥
k (Hk ) } =

X

(k)⊥

E{hj

(k)⊥ H

(hj

) }=

j6=k

X

R⊥
jk

j6=k

H
H
where R⊥
jk , (I − Vk Vk )Rj (I − Vk Vk ) is the covariance
matrix of hj projected onto the null space of Rk . In addition,

 n
o
H
Hf
f
tr E W Ek Sk Ek W Ĥk

n
o 
H
H f
f
= tr W E Ek Sk Ek W

o 
n
X
(k) (k)
f
fH
= tr W
(1 − α2kj )E ξj (ξj )H W
j6=k

k

k

o
n  1
f
+K
− 2tr Re Ak2 ĤH
kW
n
o
f
f H Ĥk Ak ĤH
= tr W
kW
i o
n
h
X
f
fH
+ tr W
(1 − α2kj )Ξjk + R⊥
jk W
j6=k

o
n  1
f
+K
W
− 2tr Re Ak2 ĤH
k

where the last equality exploits the property (41).
As a result, the objective function (8) becomes
n
1
1
Hf
E (Ĥk Ak2 + Ek Sk2 + H⊥
k) W−I

h
X
f H Ĥk Ak ĤH +
= tr W
R⊥
k
jk

2
F

o
f H W}
f
tr{W
Ĥk + K
P

j6=k

+

X
j6=k

(1 −

i 
K
f
+ INt W
P
o
n  1
f
+K
W
− 2tr Re Ak2 ĤH
k

α2kj )Ξjk

(42)

f It is see to see from (42)
which is a quadratic function in W.
that the Hessian matrix (second order derivative) is positive
definite; therefore, the global minimizer is obtained at setting
the derivative of (42) to 0. In the special case of R⊥
jk = 0 for
all (k, j), the optimal solution is thus given by
−1

1
f ⋆ = Ĥk Ak ĤH + Qk
W
Ĥk Ak2
(43)
k
P
where Qk = j6=k (1 − α2kj )Ξjk + K
P INt .
⊥
In the general case of Rjk 6= 0, we apply the following
lemma.
Lemma 3: Let U ∈ CN ×m1 and V ∈ CN ×m2 be two semiunitary matrices that satisfy UH V = 0. The following holds
(I+UD1 UH )−1 Ub = (I+UD1 UH +VD2 VH )−1 Ub (44)
where D1 and D2 are two positive semidefinite diagonal
matrices, and b is an m1 -dimensional vector.
Proof: The matrix inversion lemma yields
H
H
(I + UD1 UH )−1 = I − U(D−1
1 + U U)U

and hence
(I + UD1 UH )−1 Ub = Ub − U(D−1
1 + Im1 )b
= −UD−1
1 b.

j6=k

n
o
X
fH
f .
= tr W
(1 − α2kj )Ξjk W

Using the property of the Frobenius norm, we have


2
1
1
⊥ Hf
2
2
E (Ĥk Ak + Ek Sk + Hk ) W − I
Ĥk
F
n
o
f
f H Ĥk Ak ĤH
= tr W
kW

 
H
Hf
f
+ tr E W Ek Sk Ek W Ĥk
 n
o
f H H⊥ (H⊥ )H W
f
+ tr E W

(41)

Thus, x = −UD−1
1 b is the unique solution to the equation
(I + UD1 UH )x = Ub.
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From the orthogonality, we have VD2 VH x
=
−VD2 VH UD−1
1 b = 0. Therefore, x is also the unique
solution to the equation (I + UD1 UH + VD2 VH )x = Ub,
where the solution can also be written as x =
(I + UD1 UH + VD2 VH )−1 Ub. This confirms identity
(44).
Note that R⊥
jk and Ĥk are in orthogonal subspaces for
(k)⊥
each j 6= k. To see this, one may observe that hm
and
(k)
ĥn are orthogonal for all m, n. This is because by the CSI
(k)
exchange strategy in Section II-B, ĥn lies in the subspace
(k)⊥
of Rk , whereas, hm lies in the subspace that is orthogonal
to the subspace of Rmk , and thus must be orthogonal to the
subspace of Rk . As a result, Lemma 3 can be applied, and
(43) is also the solution for the case R⊥
jk 6= 0.

P ROOF

A PPENDIX B
OF P ROPOSITION 2

In the ideal case of infinite-rate feedback, the feedback
vector uk is identical to the kth column of Wk⋆ and using
Lemma 1, the vector can be computed as
uk = arg max P
kuk=1

2
|hH
k u|
(k)

2
H
j6=k αkj (ĥj ) u

P

2

kuk=1

uH

uH hk hH
ku

j6=k

j6=k

= θk−1 G−1
k hk

where the complex scalar6
X
−1
(k)
(k)
θk = ejϑk
α2kj ĥj (ĥj )H + qk INt
hk
j6=k

A PPENDIX C
P ROOF OF L EMMA 2
To show (22), first, we note that from (49) in Appendix
B, ǫk is modeled as the magnitude of the discretization error
from uk , and hence, is statistically independent to ûk and
zk . Second, from Lemma 4, E{ǫ2k } is upper bounded by
B
2− Nt −1 , which implies that E{ǫ2k } → 0 as B → ∞. Third,
H
θk2 Gk zk zH
k Gk is always bounded. Therefore, the limits in both
sides of (22) exit and equal to 0 as B → ∞.
To show (23), consider αkj = 0; the result trivially holds.
Consider αkj = 1, which yields 1 − α2kj = 0 in (17). We then
observe that
X
X
(k)
(k)
(k)
(k)
α2kj ĥj (ĥj )H uk
α2kj ĥj (ĥj )H ûk =
lim
B→∞

+ qk


(k)
(k)
α2kj ĥj (ĥj )H + qk INt u
(45)
−1
X
(k)
(k)
hk
(46)
α2kj ĥj (ĥj )H + qk INt
= θk−1
= arg max

Lemma 4 (Discretization error [3]): The following result
holds
B
Nt − 1 − N B−1
2 t ≤ E{ǫ2k } ≤ 2− Nt −1
Nt
where the expectation is taken over the distributions of hk ,
(k)
ĥj , and Ck .
Note that Gk isp
invertible becauseqk > 0. As a result, we
1 − ǫ2k ûk + ǫk zk , which leads to (19).
have hk = θk Gk

(47)

j6=k

j6=k

where uk is given by (46), which converges to the zero(k)
forcing (ZF) vector that is orthogonal to ĥj for j 6= k with
probability 1 (since the matrix Ĥk has full column rank with
probability 1), as P → ∞. This proves that the limit converges
to 0.
(24), we observe from (48) that the term
PTo show
(k) H
(k)
2
becomes negligible when parameters
j6=k αkj ĥj (ĥj )
αkj approach to 0. This suggests that θk mainly depends only
on hk in its asymptotic distribution. As a result, as αkj → 0,
θk is independent to Û and has identical distribution over all
k’s. Thus, the equation holds.

(48)

A PPENDIX D
P ROOF OF P ROPOSITION 3

2

is to make sure kuk k = 1.
However, the feedback vector ûk is computed from a finite
set Ck . To model the relationship between uk and ûk , observe
that uk is isotropically distributed. This is because hk and
(k)
ĥj are isotropically distributed and mutually independent,
and hence from (45), uk is isotropic. Since the vectors in Ck
are also isotropic (see (7)), we can write
q
(49)
uk = 1 − ǫ2k ûk + ǫk zk
where there is a unique pair of variables 0 ≤ ǫk ≤ 1 and
zk ∈ CNt , such that kzk k = 1 and ûH
k zk = 0. Note that the
marginal distribution of zk is isotropic, because both uk and
ûk are isotropic.
The discretization error between an isotropic vector and an
isotropic codebook was studied in [3], and the result is given
in the following lemma.

6 The phase ϑ
k is to capture the difference between the solution to
maximizing the Rayleigh quotient (45) and the solution from pseudo-inverse
(46).

Θ

Θ

It can be shown that for finite x and a, if x ≈ y and a ≈ b,
Θ
then ax ≈ by. To see this, denote x = y + Θ1 and a = b + Θ2 ,
where Θ1 and Θ2 goes to 0 as P , B, {α−1
kj }, and Nt all
go to infinity. Then ax = by + bΘ1 + yΘ2 + Θ1 Θ2 , where
bΘ1 +yΘ2 +Θ1 Θ2 goes to 0 as the aforementioned parameters
go to infinity.
A. First Term of (21)
H
Gk ûk ûH
k Gk
X
X
(k)
(k)
(k)
(k)
=
α2kl ĥl (ĥl )H
α2kj ĥj (ĥj )H ûk ûH
k
j6=k

+qk2 ûk ûH
k

+ qk

X

l6=k

(k)
(k)
α2kj ĥj (ĥj )H ûk ûH
k

j6=k

+qk ûk ûH
k

X
l6=k

Θ

≈

qk2 ûk ûH
k

(k)

(k)

α2kl ĥl (ĥl )H
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where approximation (26) is used. As a result,

Θ 2
H
H
E Gk ûk ûH
k Gk Û ≈ qk ûk ûk .
From the noisy feedback model in (49), since the unit norm
vector ûk characterizes the direction and ǫk characterizes the
discretization error in terms of magnitude, they are statistically
independent. Therefore,
o
n
H
G
Û
E (1 − ǫ2k )Gk ûk ûH
k k


H
2
= E (1 − ǫk ) E Gk ûk ûH
k Gk Û
Θ

B

≈ (1 − 2− Nt −1 )qk2 ûk ûH
k

(50)

the second order moment of ̺j is E{̺2j } =
Nt (Nt + 1).7 Then,

1
2
4 E{(2̺j ) }

=

o
n
(k)
(k)
(k)
(k)
E ĥj (ĥj )H ĥj (ĥj )H
o
n
(k)
(k)
= E ĥj ̺j (ĥj )H
 n
o
(k) H
(k)
= E E ĥj ̺j (ĥj ) ̺j

o
n
(k) H
(k)
= E ̺j E ĥj (ĥj ) ̺j

= E ̺2j

1
I
Nt
= (Nt + 1)I

where the approximation (28) is used.

(54)

B. Second Term of (21)
(k)

where equality (54) uses the fact that ĥj is isotropically
distributed given the magnitude ̺j .
As a result, the first term of (51) becomes

H
Gk zk zH
k Gk
X
X
(k)
(k)
(k)
(k)
=
α2kj ĥj (ĥj )H zk zH
α2kl ĥl (ĥl )H
k
j6=k

+

qk2 zk zH
k

+ qk

X

X

X
(k)
(k) H
(k)
2 (k)
E
ĥ
(
ĥ
)
α
α2kj ĥj (ĥj )H zk zH
k
kl l
l

l6=k

(k)
(k)
α2kj ĥj (ĥj )H zk zH
k

j6=k

+ qk zk zH
k

X

(k)

(k)

α2kl ĥl (ĥl )H

(51)

=

l6=k

where


1
E zk zH
I
k =
Nt

X α2kj 
j6=k

(52)

since zk is the discretization noise that follows an isotropic
distribution from (49).
The expectation of (51) can be calculated term-by-term as
follows.
For the first term of (51), since hj is independent to hl , we
(k)
(k)
have that ĥj is independent to ĥl , and both of them are
independent to zk . Thus, for j 6= l, we have
o
n
(k) H
(k)
(k)
2 (k)
α
ĥ
(
ĥ
)
E α2kj ĥj (ĥj )H zk zH
k kl l
l
o
o n
o n
n
(k)
(k) H
(k) H
(k)
2
2
= αkj αkl E ĥj (ĥj ) E zk zH
k E ĥl (ĥl )
=

l6=k

j6=k

α2kj α2kl
I
Nt

For j = l, we have


(k) H
(k)
(k) H
(k)
H 2
2
E αkj ĥj (ĥj ) zk zk αkj ĥj (ĥj )
o
n

(k) H
(k)
(k)
(k)
= α4kj E ĥj (ĥj )H E zk zH
k ĥj (ĥj )
α4kj n (k) (k) H (k) (k) H o
=
(53)
E ĥj (ĥj ) ĥj (ĥj )
Nt

To evaluate the expectation in (53), we apply the law of
total expectation E{X} = E{E{X|Y }}. Specifically, denote
(k)
(k)
̺j , (ĥj )H ĥj . Note that according to the model for CSI
(k)
exchange in (2), the (marginal) distribution of ĥj is complex
Gaussian with zero mean and unit variance. Hence 2̺j is a
Chi-square random variable with 2Nt degrees of freedom, and

=

Nt

X α2kj 
j6=k

Nt

α2kj (Nt + 1) +

X

l6=k,j

α2kj Nt +

X
l6=k


α2kl I.


α2kl I

The third and fourth terms of (51) can be evaluated as
n X
o
(k)
(k)
E qk
α2kj ĥj (ĥj )H zk zH
k
j6=k

=

X
j6=k

=

X

o
o n
n
(k)
(k)
qk α2kj E ĥj (ĥj )H E zk zH
k
qk

j6=k

α2kj
Nt

I.

Moreover, the discretization error ǫk in magnitude is independent of the error zk in direction, and therefore, we have
o
n
H
E ǫ2k Gk zk zH
k Gk
n
o

H
G
= E ǫ2k E Gk zk zH
k k
X 2 
 q2 
X
α
B
Θ
kj
≈ 2− Nt −1
α2kj Nt +
α2kl + 2qk + k I
Nt
Nt
j6=k

l6=k

(55)

where approximation (28) is used.
7 The kth moment of the central Chi-square random variable with 2m
(m+k−1)!
degrees of freedom is given by 2k (m−1)! .
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C. Derivation for E{HHH |Û}

PK

H

H
k=1 hk hk

Using the fact that HH
=
PK 2
H
H
û
=
ÛΩ
Û
,
we
have
q
û
k
k
k=1 k
n
o
H
E HH Û


B
Θ
≈ ̟ 1 − 2− Nt −1 ÛΩÛH
+2

− N B−1
t

K X 2 
X
αkj

k=1
Θ

≈̟



j6=k

Nt

α2kj Nt

+

X

α2kl

+ 2qk

l6=k

j6=k


qk2
I
+
Nt

qk2 
+
I
Nt



K X
X

B
B
α4kj
1 − 2− Nt −1 ÛΩÛH + 2− Nt −1
k=1

and

where Ω is given in (29), and the last approximation is to use
the fact that
 q2
X
X α2kj 
α2kj Nt +
α2kl + 2qk + k
Nt
Nt
l6=k

j6=k

=

X

α4kj +

j6=k

j6=k

Θ

≈

X
j6=k


X α2kj  X
qk2
+
α2kl + 2qk
Nt
Nt

α4kj

l6=k

q2
+ k.
Nt

D. Derivation for E{H |Û}
To compute E{hk Û}, we have
q
n
 o
1 − ǫ2k ûk + ǫk zk Û
E θk Gk

o  X
nq
(k)
(k)
a2kj ĥj (ĥj )H ûk + θk qk ûk Û
=E
1 − ǫ2k E θk
j6=k

 X

(k)
(k)
+ E{ǫk }E θk
a2kj ĥj (ĥj )H zk + θk qk zk Û
j6=k

q

≈E
1 − ǫ2k E θk qk Û ûk
Θ

(56)

= υk ûk

p

1 − ǫ2k E θk qk Û . Approximation (56)
where υk , E
is from (26)–(27) and the fact that zk is zero mean and
(k)
independent to ĥj .
To stack the column vectors hk into H and let Υ =
diag(v1 , v2 , . . . , vK ), the approximation (31) follows.
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