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du(x,xu)

g(1)u (x) = �1 + ↵1du(x)

g(2)u (x) = �2 + ↵2du(x)

Motivational	Applications:
• Place	a	UAV	to	build	a	good	

relay	channel	for	ground	
terminals

• Learn	the	shadowing	
environment	to	exploit	it

Learning	the	radio	map	is	the	key!

y = � + ↵du(x) + ⇠
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Classical	propagation	model

y(x) =
KX

k=1

⇣
g(k)u (x) = �k + ↵kdu(x) + ⇠k

⌘
I
n
x 2 Dk

o
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Radio	Map:	Geographically-indexed		dataset	of	the	
channel	quality
Existing	Learning	Model
• Probabilistic	channel	/	Stochastic	terrain	model	

(Hourani et.	al’14	TCOML,	Mozaffari et.	al’16	ICC)
• “Fingerprint”	model	(Romero	et.	al’17	TSP)
• 3D	city	map	based	(Monserrat	et.	al.’15	IJAP)

Proposed:	Segmented	propagation	model

A	good	model	would	simplify	the	learning

(Model	parameters	to	learn)

ClusteringGauss	
Cond.

(↵1,�1)

(↵2,�2)

D1

D2

… …

Regression

Dataset	{position ,	measurement								}x(l) y(l)Input

Output

Iteration

Classical	Learning	Diagram	(MLE)

maximize
{↵(k)

1 ,↵(k)
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k }
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KX
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pk(x, y) =
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exp
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2�2
k
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where

MLE	Formulation	(our	prior	work	[1])

Drawback:
• Assumptions	too	ideal:	Gaussian	assumption,	

knowing	perfect	user	location,	etc.
• Very	high	complexity	(large	dataset)

Question: Can	we	obtain the	regression	parameters	without relying	on	
the	temporary	clustering	result	and	Gaussian	assumption?

feature	matrix
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Data	clustering	problem
(scatter	plot	of	the dataset)

Compress	the	Data	to	a	Feature	Matrix
“Source”	localization	problem	

from	a	feature	matrix

V (↵i,�
0
j ;�) =

NX

l=1

exp
�
� �

⇥
y(l) � ↵d̂u(x
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Value	function to	evaluate	the	similarity	to	the	
parametric	model	for	the	whole	dataset

minimize
{↵k,uk,vk}

���P⌦(Ĥ�
KX

k=1

↵kukv
T
k )

���
2

F

subject to uk,vk are unimodal
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Multi-source	Localization	using	
unimodal	matrix	factorization	(UMF)

uk,vk
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Peak	localization	of	the	kth	unimodal	
component	yields	the	model	

parameter	of	the	kth	data	group

Why	it	works

Structured	model	of	the	feature	matrix:

V = V(1) +V(2) + · · ·+V(K) +N
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where	V(k) is	a	component	matrix	of	a	particular	data	subset	with

Main	result: Under	small	enough	parameter l and	some	mild	
regularity	conditions,	V(k) is	a	unimodal	matrix.		

V ⇡
KX

k=1
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Theorem [2]:	The	dominant	singular	vectors of	a	unimodal	
matrix	are	unimodal.

Theorems	justify	the low-rank	unimodal-structured	
model	for	the	feature	matrix!

Numerical	Evaluation

Model	for	general	training	data:
where (↵(1),�(1)) = (�22,�28), n ⇠ N (0, 1)
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(↵(2),�(2)) = (�36,�22), n ⇠ N (0, 82)
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for	LOS	region
for	NLOS	region

� = 1/(2�2),� = 8 [dB]
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Sample	100	random	
locations

Direct	matrix	completion	
from	original	data

+	nonparametric	
hypothesis	testing	
to	learn	Dk

Proposed	method	
recovers	both	region	
pattern	&	value

Main	contributions
• A	nonparametric	learning	tool	to	compress	data	to	a	feature	

matrix	to	discover	unknown	(clustered)	data	structure	
• Robust	&	low	complexity
• Use	of		UMF	as	a	useful	tool	for	component	analysis
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Challenges:	(1)	nonparametric	(Dk),	(2)	coupling

y = ↵ log10 d(x) + � + n
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